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Abstract 

o 

I We develop both the gravity and field theory sides of the Karch-Randall conjecture 

that the near-horizon description of a certain D5-D3 brane configuration in string 
Qh. theory, realized as AdS^ x bisected by an AdS^ x S"^ "brane" , is dual to = 4 Super 

(— I I Yang- Mills theory in coupled to an defect. We propose a complete Lagrangian 

for the field theory dual, a novel "defect superconformal field theory" wherein a subset 
of the fields of = 4 SYM interacts with a. d = 3 SU{N) fundamental hypermultiplet 
I on the defect preserving conformal invariance and 8 supercharges. The Kaluza-Klein 

' reduction of wrapped D5 modes on AdS^ x S'^ leads to towers of short representations 

of OSp{4:\4:), and we construct the map to a set of dual gauge- invariant defect operators 
O3 possessing integer conformal dimensions. Gravity calculations of (04) and {O4 O3) 
are given. Spacetime and A^-dependence matches expectations from dCFT, while the 
behavior as functions of A = g'^N at strong and weak coupling is generically different. 
We comment on a class of correlators for which a non-renormalization theorem may still 
exist. Partial evidence for the conformality of the quantum theory is given, including 
a complete argument for the special case of a U{1) gauge group. Some weak coupling 
arguments which illuminate the duality are presented. 



1 Introduction 



The study of the AdS /CFT correspondence jH El Ej (for a review, see has taught us 
much about both the behavior of field theories and the nature of string theory. Accordingly, 
generalizations of the correspondence with additional structure added to both sides are 
inherently quite interesting, and potentially have much more to teach us about field theory 
dynamics, the nature of string theory and how holography relates them. 

It is well-known that spatial defects may be introduced into conformal field theories, 
reducing the total symmetry but preserving conformal invariance jSl E] ■ Whether one can 
obtain holographic duals of such "defect conformal field theories" (dCFTs) is a fascinating 
question. A potential gravity dual was proposed by Karch and Randall [Zj, who studied 
curved branes in anti-de Sitter space in an effort to "locally localize" gravity ^j. 

In their investigation, Karch and Randall noticed that an 74^5*4 brane inside AdS^ could 
be naturally realized in string theory using a certain D3-brane/D5-brane system. The near- 
horizon limit of the D3-branes produces an AdS^ x background in which the D5- 
branes occupy an AdS4 x S"^ submanifold. Karch and Randall speculated that the AdS /CFT 
correspondence would "act twice" in this system, meaning that in addition to the closed 
strings propagating throughout space providing a holographic description of a field theory 
on the boundary of AdS^ as usual, the fluctuations on the AdS^ brane should be dual to 
additional physics confined to the boundary of the AdS^. Hence, the dual field theory 
contains not only the usual d = {3 + 1) J\f = 4 Super- Yang Mills theory, but also new fields 
and couplings living on a (2 + 1) -dimensional defect, obtained from the low-energy limit of 
the 3-5 open strings interacting with the 3-3 strings of the original brane setup. 

We study the case of a single D5-brane, whose backreaction on the near-horizon geometry 
can be neglected in the 't Hooft hmit, allowing it to be treated as a probe hosting open 
strings. The resulting dual field theory consists of SU{N) J\f = 4 SYM in R^, with a subset 
of these ambient modes interacting in a fashion we will determine with a single fundamental 
hypermultiplet on the defect. The resulting theory has half the supersymmetry of the 
ambient theory, but intriguingly, must preserve SO {3, 2) conformal symmetry in order to 
match the unbroken anti-de Sitter isometries on the gravity side. As a result the Karch- 
Randall system is an ideal candidate for the holographic description of a dCFT. We will 
construct the field theory explicitly as a novel defect super conformal theory with an exact 
Lagrangian description. 

The reduced symmetries of codimension-one dCFTs admit interesting structures such 
as one-point functions for the usual operators in the ambient space, two-point functions 
for ambient operators with different conformal dimensions, and mixed two-point functions 
between these and operators localized on the defect; the functional forms of such correlators 
are significantly constrained El- On the supergravity side, we employ holography to 
calculate such novel correlation functions from Witten diagrams involving integrals over the 
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AdS^ submanifold, and we reproduce the space-time forms required by defect conformal 
symmetry. 

We consider the expansion of the D5-brane action through quadratic order in fluctuations 
about the 74^5*4 x S'^ probe configuation. We perform a Kaluza-Klein reduction of quadratic 
terms in bosonic open string fields and find a set of modes of integer mass and scale 
dimension. The lowest mode of the D5-brane gauge field on 74^5*4 is dual to the current of a 
global U{1)b symmetry in the field theory. As expected all modes can be organized in short 
representations of the superalgebra 05*^(414) associated with supersymmetry in 74^5*4. Other 
terms in the fluctuation action involve closed string fields (0), specifically terms of order 
0, (pip, and 0^. These are interpreted as interactions which determine the novel correlators 
discussed above. We also obtain the leading power of and the 't Hooft coupling A for the 
D5-brane contribution to all correlation functions, a strong-coupling prediction. 

We then turn to the dual dSCFT. Using gauge invariance, supersymmetry and R-symmetry, 
we construct the field theory Lagrangian. This involves augmenting the usual J\f = 4 Super 
Yang-Mills in four dimensions with dynamics on the defect. The fundamental defect hyper- 
multiplet couples canonically to the restriction of the 4D gauge field to the hypersurface; 
we use the "superspace boundary" technique p| to derive a defect action preserving eight 
supercharges. We construct the action in A/" = 1 superspace, but demonstrate that it is fully 
A/" = 4 supersymmetric by identifying the SU{2)v x SU{2)h R-symmetry. The symmetries 
rule out any additional marginal interactions, preserving the 4D gauge coupling g as the 
only dimensionless parameter, as well as forbidding mass terms, leaving the theory classi- 
cally conformal-invariant. Interestingly, the bulk fields participating in the defect interaction 
involve not just half the scalars, but the normal derivatives of the other half. The bosonic 
parts of related (non-conformal) supersymmetric defect actions derived from intersecting 
branes appeared in (TUl HI] . 

We also match the bosonic modes of the D5-brane on the gravity side to dual field theory 
operators. The multiplets are short, so conformal dimensions should be protected in the usual 
way. There is a unique candidate for the chiral primary operator of the lowest multiplet, and 
we use supersymmetry to fill out the rest of this multiplet, matching the modes to fluctuations 
on the gravity side. We also discuss the operator structure of higher multiplets. Weak 
coupling calculations help to determine which operators have protected scale dimensions. 

Finally, we discuss the perturbative dynamics of the field theory. We argue that for 
a certain class of "pinned" correlators, there are no divergences other than wavefunction 
renormalization of the defect fields. This is sufficient to demonstrate quantum conformal 
invariance for gauge group U{1). For gauge group SU{N) non-pinned correlators must be 
considered as well, and we have not yet studied these. Hence the question of quantum 
conformal invariance remains open. We also discuss the field theory computation of various 
one- and two-point functions, and compare to gravity. We find that although the powers of 
A^ match perfectly, the powers of the 't Hooft parameter do not. Hence, unlike the A/" = 4 
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case, the simplest correlators of this theory do not obey a nonrenormalization theorem. 
We do describe a class of correlators independent of A at leading order, for which a non- 
renormalization theorem is not ruled out. We conclude with a discussion of directions for 
future research. 

One can consider analogous models in other dimensions. Defect conformal field theories 
in two dimensions are studied in ^2]. Some of them have holographic duals in Ad S3, such 
as the AdS2 branes inside AdS^ with the NS-NS flux studied in [T3j. In these cases, one may 
be able to study the correspondence beyond the supergravity approximation. 

Sections^andElon the construction and analysis of the field theory are largely independent 
of holography and can be read separately. 

2 Description of the System 

2.1 Brane construction 

The system of partially-overlapping 3-branes and 5-branes preserving 8 supercharges has 
been known for some time, and was extensively studied in ^1] as a way to engineer 3- 
dimensional A/" = 4 field theories on branes. In contrast, we consider systems which have 
infinite D3-branes, and hence have four- dimensional (as well as three-dimensional) dynamics. 

We choose coordinates as follows. The D3-branes fill the 0126 directions, while the D5- 
brane spans 012345; all the branes sit at the origin of the transverse coordinates. In the ab- 
sence of the D5-brane, the system has 16 unbroken supercharges, an 5*0(3, 1) Lorentz symme- 
try acting on {xq, xi,X2, xq) and an additional 5*0(6) ~ 5[/(4) acting on (xa, X4, X5, X7, xs, xg). 
The D3-D5 background preserves 8 supersymmetries, reduces 5*0(3, 1) to 5*0(2, 1) on (xq, Xi, 0:2), 
and breaks 5*0(6) to 5*0(3) x5*0(3) ~ 5*^7 {2)hxSU (2)y acting on (xs, X4, X5) and (X7, Xg, Xg), 
respectively. 

Four kinds of strings exist in this system. As usual, closed strings propagate in the bulk, 
giving rise to the fields of IIB SUGRA as well as all the excited modes. Also, 3-3 and 5-5 
open strings lead to sixteen-supercharge vector multiplets on the D3-brane and D5-brane, 
respectively; these each split into a vector multiplet and a hypermultiplet under the preserved 
eight supercharges. Finally, 3-5 strings localized on the (2-1-1 )-dimensional intersection of 
the branes lead to a three-dimensional hypermultiplet, charged as a bifundamental under 
the gauge group of each brane. 

2.2 Near-horizon Limit 

We remind the reader of the familiar facts of the original AdS /CFT procedure of Maldacena 
pp. Consider a stack of parallel D3-branes with ^ 0, N ^ 00 with g^N fixed. This 
system may be examined either for ggN <^ 1, in which case the appropriate description 
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is provided by open strings propagating on flat branes, or for gsN ^ 1, in whicli case 
tfie appropriate description is a black three-brane solution of Type IIB supergravity. By 
sending Ig ^ with the energies of fluctuations fixed, one is left in the former case with the 
renormalizable field theory of the massless open string states, namely 4D A/" = 4 Super- Yang 
Mills, and with closed strings propagating in the AdS^ x near-horizon geometry of the 
black brane in the latter case. 

Thus, the two kinds of string modes in the original brane set-up, open and closed, have 
been segregated from one another, yet are found to describe the same physics in the field 
theory /near-horizon limit. Each description is useful in a different region of parameter space. 
Additionally, the symmetry groups enlarge on both sides in the limit, as the field theory is 
exactly (super) conformal, while AdS isometries appear on the gravity side; the 4D conformal 
and 5D anti-de Sitter supergroups are algebraically identical, and are denoted S'?7(2,2|4). 
This group also contains the 5*0(6) ~ S'f/(4) of the original brane setup, which is an R- 
symmetry in the field theory and the isometry group of in the dual. 

The system we study is richer, but displays similar behavior. Again we take Qs 1, 
^ 1 with A = gsN fixed. For the case gsN <^ 1, the appropriate description of the 
branes are as flat hypersurfaces. We take the limit Ig ^ with the energies of D3-brane 
fluctuations fixed. This decouples the modes of the heavy D5-branes, as in [Hj, and leads 
to the (3+l)-dimensional field theory described by A/" = 4 SYM throughout most of the 
space, but with a (2+l)-dimensional defect containing a localized, interacting fundamental 
hypermultiplet. 

For QsN ^ 1, on the other hand, the appropriate description of the D3- branes is a black 
three-brane. However, we still have <^ 1, and hence a single D5-brane should still be 
described as a hypersurface with propagating open strings. Taking the Ig —>■ limit here 
leads to the usual AdS^ x near-horizon geometry of D3-branes with an embedded "probe" 
D5-brane.^ Once again the stringy modes of the brane set-up have been segregated into two 
sets, one for each limit of ggN: the closed strings and open 5-5 strings describe the gravity 
side, while the low-energy limit of the 3-3 and 3-5 open strings produces the field theory. 
Once again, the expectation is that the two systems are holographic duals of one another. 

We may readily see that the D5-brane lives on an AdS 4 x S"^ submanifold of AdS 5 x S^, 
as follows. In the near-horizon geometry of the D3-branes, the useful coordinates are y = 
(xo, Xi, X2), X = Xq, and the radial coordinate v and the angles ^5 = {ip, 9, ip, x, ?) defined by 

X3 = f cos sin 6' cos , X4 = f cos ^/^ sin 6^ sin , X5 = f cos cos 6* , (2.1) 
Xj = V sin ip sin x cos <j , Xs = vsimp sin x sin <^ , Xg = v sin ip cos x ■ 

The metric for the near-horizon geometry in this coordinate system is 

ds^ = ds\^s, + ds%, (2.2) 

^Locally localizing gravity the D3/D5 system requires M D5-branes with gsM ^ 1, a different regime 
from our case (2- Other studies of AdSi/AdS^ setups with strong backreaction include [T^[T?)j . 
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+ cos^ ilj^dO^ + sin^ ^ci(^2) + sin^ ^(c/x^ + sin^ xci?^)) , (2.4) 



where as usual L'^ = 4na''^gsN. The D5-brane sits at x = ip = 0, filhng the AdS^ defined by 
the coordinates v, y and wrapping the parameterized by 9, ip. 

The isometry group of the metric ()2.3|) . ()2.4|) preserved by the D5-brane is 5*0(3,2) x 
SU{2)v X SU{2)h. 50(3,2) acts on {v,y), while while SU{2)h and SU{2)v rotate (^, (^) 
and (x?"?)) respectively. From a field theory viewpoint SU{2)y x SU{2)h is the unbroken 
R-symmetry and 5*0(3,2) is the 3D conformal group, suggesting that the dual field theory 
must be exactly conformal and contain the eight preserved supercharges of the D3-D5 system. 
Including the superconformal enchancement to sixteen supercharges, we expect to find the 
supergroup 05p(4|4). 

2.3 Correlators in a defect CFT 

The symmetries and the form of correlation functions for CFT^i with planar boundary have 
been discussed in the literature, for example in IHIEI- Our field theory system, a CFT4 in 
with additional fields on a planar defect, shares these features. We therefore review 
the most relevant part of this information, which is mostly taken from [U]. 

In the field theory description we denote points of R^ by (y, x) = x^ with the defect at 
X = 0. The 5*0(3, 2) conformal group of the dCFT is generated by 3-dimensional translations 
and Lorentz transformations together with the 4-dimensional inversion, —>■ x^/ {x^x^). 
These transformations preserve the defect and act on it as standard 3-dimensional conformal 
transformations. 

The possible forms of correlation functions for primary scalar operators on the ambient 
R4 and 03 on the defect are restricted by the conformal symmetry. Correlators involving 
only 03 have the properties expected from standard 3-dimensional conformal invariance, 
e.g. the space-time form of two- and three-point functions is completely determined, while 
four-point functions contain an arbitrary function of two "cross-ratio" variables. 

On the other hand the restriction of the conventional conformal group 5*0(4,2) of CFT4 
to 50(3,2) leads to new possibilities for correlators of in dCFT. Let scale dimensions 
of operators and be denoted by A4 and A3, respectively. There are no n- vanishing 
one-point functions {O^}, with fully determined space-time dependence: 



as well as two-point functions (O4 C3) between one ambient and one defect operator, with 



{0,{xj)) 



c 



(2.5) 



X 



.A4 ' 
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space-time dependence also fully determined: 



mxj)o,{^)) = ^Ki^^, v^x' + {y-y)\ (2.6) 

and finally there can be non-vanishing two-point functions {O4 O4) between ambient oper- 
ators with A4 7^ A4', containing an arbitrary function of one invariant variable: 

{0,{x,y)0,{x',y'y) = ^^/(O, ^ ^ {x, - x.'f/Axx' . (2.7) 

Our calculations in both weak coupling field theory and the AdS^/AdS^ dual confirm this 
structure. 

On the gravity side the action of the conformal symmetries is best seen if we transform the 
radial coordinate f to z = l/w , in terms of which the AdS^ metric ()2.3|) becomes conformally 
fiat, 

ds\^S5 = — {dz"^ + dx^ + df) ■ (2.8) 

The boundary is now ai z = 0. The usual inversion isometry of AdSr, preserves both the 
boundary and the AdS^ of the D5-brane at x = 0. It acts as the standard inversion on this 
AdS^. Hence the usual relation between bulk isometries and conformal symmetries on the 
boundary of the usual AdS /CFT correspondence extends to the new AdS^/AdS^ setup. ^ 



3 String theory side 

The bulk degrees of freedom at gs — > 0, gsN fixed but large include both closed string modes, 
and open string excitations on the D5-brane. The former are the massless multiplet of IIB 
SUGRA reduced on AdS^ x 5*^, while the latter are a 6D 16-supercharge vector multiplet 
living on the D5, dimensionally reduced on 74^5*4 x 5*^. 

With the goal of calculating correlation functions, we are interested in the fiuctuation 
equations of this system. The total action is the sum of the IIB SUGRA action and the 
Born-Infeld and Wess-Zumino pieces of the D5-brane action: 

Stot = SjiB + Sbi + S]vz ■ (3-1) 

The fiuctuation equations for IIB SUGRA reduced on AdS^ x were analyzed in jUj, and 
they have been used extensively to calculate correlations for gauge-invariant operators (^4 in 
A/" = 4 SYM at large A (for a review and references, see |1]). These results will generically be 

^The 5D inversion also preserves the more general Karch- Randall AdS 4 surfaces at x = Cz and acts as 
the standard inversion on these surfaces. 
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corrected in our system due to the new physics on the defect, and we expect new correlators 
of the form ()2.5|1 . ()2.7|1 to appear. On the gravity side, this is a consequence of couphngs of 
closed-string modes to brane modes that are implicit in Sbi and Swz- Furthermore, terms 
in the brane action involving open string modes and open/closed string couplings make 
predictions for purely three-dimensional correlators of the O3, as well as mixed correlators 
involving both O3 and O4, which we expect to match for example ()2.6|) . 

Let us compare the normalizations of the terms in (jH.lj) to understand the relative coupling 
strength of the various kinds of interaction. The overall normalization of Sub in Einstein 
frame is fHI 

SiiB = ^ / d'^xy^ {r - i + ...), (3.2) 

where = ^{2T[y g'^a'^ includes factors of the string coupling extracted from the dilaton 
before passing to Einstein frame. In calculating correlation functions, it is useful to Weyl- 
rescale the metric to extract the dimensionful parameter 

dMN = SlMN ■ (3.3) 
In terms of the rescaled metric, we have 

T 8 

SiiB ~ ^ / rf'°xv^ {r - \ {d^f + ..)^N^ I d'\^g (r - \ {d^f + ...), (3.4) 

QgOt J J 

where in the last line we used = AnggNa''^. This is a familiar result. If we wish we may 
canonically normalize the action by defining rescaled bulk fields $' = ^N. 
The D5-brane action in Einstein frame is given by 

Sbi = -Td, J d'^ e"''^- dei{gP,^ + e-*/2(i?f,^ + 27ra'F,,)) , (3.5) 

Swz = -Tz,5 /e^™™""AEC^Jf, (3.6) 

where PB denotes the puUback of a ten-dimensional quantity; the unusual powers of e* 
result from transforming out of string frame and do not affect the quadratic action. We 
use a,b = 0, 1, 2, v, 9, ip for the coordinates along the 5-brane, i,j = 6, x, i' for the normal 
directions, and M, to run over all 10 indices. Furthermore, we will use n, v for AdS^^ 
indices alone and a,l3 for S"^ indices. Weyl-rescaling the metric in Sbi, we will find 

Sj^j = -L^Td^ j d^i^f^il + fluctuations) = -qNX^'^ J d^^yf^il + fluctuations) , (3.7) 

where we used the expression T^s = 1/ {2'KYgsa'^ for the D5-brane tension, and q includes 
the numerical factors. 
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3.1 Correlators of dCFT from gravity 



Let us imagine a generic D5-brane field tjj and some coupling of m bulk generic fields to n 
5-brane fields: 

Sbi = J ^6^ ^^g^^2 ^ ^m^n^ 

where we defined a canonically normalized brane field -tp' = N^^'^X^^^ij). The interaction 
terms resulting from Swz scales identically in and A. The canonically normalized fields 
0' and if)' produce two-point correlation functions of dual operators with no factors of 
and A. With this normalization, the one-point function of the bulk field 0' scales as A^/^ 
(m = l,n = 0) and the two-point function of the bulk field and the defect field scales as 

Holography requires that the power of N in the gravity result for any correlator agree with 
that of planar graphs in the field theory at fixed A. On the other hand the power of A from 
(I3.8|l at large A = g'^N need not agree with field theory results at weak coupling. It is quite 
easy to see in the present case that the A^-dependence always agrees but the A-dependence 
generically does not. 

The agreement for N can best be ascertained in the normalizations of ()3.4|1 and ()3.7|1 in 
which we have the factor N"^ in Sub and in Sbi- All correlators {O^O'^ - ■ ■) which are 
no n- vanishing if the defect is removed are of leading order A^^, while contributions of 5*^/ are 
of order A^ in all correlators. There is a simple normalization in the dCFT which reproduces 
these results^. Planar graphs with only adjoint fields are of order A^^, while in those with 
defect fields there is a fundamental "quark" loop which matches the A^ in ()3.7j) . 

The power of A for multi-point correlators is generically a negative fraction, and it is 
clear that perturbative field theory gives non-negative integer powers in the weak coupling 
limit. This situation is entirely consistent with the view that AdS/CFT amplitudes sum all 
planar graphs at large fixed A, but it also indicates that the non-renormalization properties 
of correlation functions in A/" = 4 SYM which were revealed through supergravity ^| are 
absent for generic defect correlators^. Correlation functions with n = 2 and any m, however, 
are seen from ()3.8|) to be independent of A. This includes defect 2-point functions (O3 O3) 
and others which behave as A° at weak coupling. Non-renormalization theorems could exist 
for this class of correlators. 

One can use fl3.8j) to compute correlation functions of defect and ambient operators 
and C4 for a generic boundary dCFT. The one-point function (O4) is computed by taking 

For chiral primaries one can take O4 = N^-'^/^TtX'' in terms of canonical X fields of TV = 4 SYM. 
Defect correlators containing powers (4'^')^ or {qqY of canonical hypermultiplet fields carry the factor N^^^ . 

'^O. Aharony and A. Karch independently calculated the A-dependence of (O4) and recognized it could 
not obey a non-renormalization theorem. We thank them for communicating their results. 
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the standard bulk-boundary propagator in AdS^, fixing a point on the boundary where O4 
is located, and integrating the propagator over the 74^5*4 subspace. Let us consider a scalar 
O4 of conformal weight A4. The integral is convergent for A4 > 3, and one finds 



By translational invariance along the defect, the one-point function depends only on the 
transverse coordinate x. The scaling x~^^ is what is expected from conformal invariance 
fl2.5|) . We will discuss the the singularity at A4 = 3 shortly. 

The one-point function {O^i^x, y)) is closely related to the two-point function {Oi{xi) O^^xi^)) 
in the conventional AdS d+i/CFT^ correspondence. It is known that a naive supergravity 
computation for the latter is incorrect and that a careful cutoff procedure is required. One 
may thus be worried about a similar sensitivity in the computation of {O4). However, there 
is reason to believe that this is not the case here, and that ()3.9p is in fact the correct answer. 
One way to see this is to recall that for the two-point function, each of the two contribut- 
ing terms from the action was separately divergent, and so a more careful treatment of the 
Dirichlet problem was required to extract the proper finite result pij. Here there is no such 
divergence in the single term contributing to the one-point function. 

Alternately, a worldsheet way to understand the subtlety in the computation of the two- 
point function follows from trying to perform the calculation in string theory, which is 
well-defined for d = 2 [22] ■ There one considers a two-point function of the corresponding 
vertex operators on a sphere and divides the result by the volume of the worldsheet confor- 
mal symmetry which fixes the two insertion points. The volume of this residual conformal 
symmetry is infinite, and it is canceled by another infinity in the numerator from the world- 
sheet two-point function. Thus again the computation of the target space correlator involves 
cancellation of two divergent factors, which may leave out a finite A-dependent coefficient; 
in fact the proper treatment of this computation has been shown to give the correct factor 
for d = 2 [22j. However, there is no corresponding subtlety in the computation of the one 
point function {O4) , since the volume of the residual conformal symmetry of a disk with one 
interior point fixed is finite. Hence we expect ()3.9|) to be unambiguous and correct. 

For the two-point function {04{x, y)O3{0)), the integral to be done is the product of bulk- 
boundary propagators K/^^K/^^, with the first as above and the second propagating from the 
point Zfj, = {z,0, z) on AdS^^ to the point on its boundary. We write 




X' 



7rr(A4-2) 



(3.9) 



(O4(x,^)O3(0)) = J(a;,^;A4,A3) 



r(A4) r(A3) 

ArV2 vr2r(A4 - 2) 7r3/2r(A3 - |) ' 



(3.10) 
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with the integral 

J(..yiA..A3) = / — ^-j^-j^^^) . (3,11) 

As explained in it is convenient to use the inversion 



0, z) ^ ^:pr-^^{z\ 0, ^) , (x, y) ^ -J— ^(x', ^) , (3.12) 



--r(z', 0, i*) , (x, v) = — 

to do the integral, which leads to 



^ (piT^4(jr^)" ■ (3.13) 

After scaling z' = y' + V x'^ + z''^w and = x'u, one finds 

1 r duu^^+^-^-^ r dw^ 

^A4-A3(a;2 + ^)A3 J n +^2)A4-§ J (1 + ^)A4 ^^'^^^ 



1 ^2r( A4+A3-3 )r(A4_A3- 
^A4-A3(a.2 + ^)A3 2f(Al) 



(3.15) 



The conformal invariant form (j2.6j) thus arises from gravity. The integral converges if the 
conditions A4 > A3 and A4 + A3 > 3 are satisfied. The singularity at A4 + A3 = 3 is due 
to a divergence as the inverted radial coordinate z' ^ and is similar to the singularity of 
(C4) at A4 = 3. The singularity at A4 = A3 arises as z' — > 00. 

The poles due to the F-functions in the numerators of ()3.9p and fl3.14p were calculated using 
the generic form (j3.8|) of Sbi- We can show that they cancel in the particular D3/D5 theory 
we are studying because the actual couplings vanish due to SU{2)h x SU{2)y symmetry. 
For ()3.9|) the issue arises only A4 = 3, but the primary operator O^^ = Tr belongs to 
the (0, 3, 0) irreducible representation of 5*0(6) which contains no singlets under the residual 
R-symmetry. 

To discuss the poles in {O4O3), we must anticipate one key result of the Kaluza-Klein 
analysis in the next subsection, namely that the primary operators on the defect carry 
SU{2)h X SU{2)y quantum numbers (£ > 1,0) and have scale dimension A3 = (i. Thus 
the pole at A4 + A3 = 3 in (|3.14p can appear only for O/^ = TrX^ and the lowest O3, 
a case which violates R-symmetry. Consider next poles at A3 — A4 = 2n > 0. We need 
the fact that the primaries 04 = TrX'^ contain only components in the representations 
{k,0),{k — 2,0),--- of SU{2)h x SU{2)v. Isospin conservation in (O4O3) thus requires 
i = k — 2m or A3 — A4 = £ — = —2m; thus only the case with pole A3 — A4 = is allowed 
by R-symmetry. However, the set of poles we are discussing are close analogues of those in 
the 3-point function on TV = 4 SYM (Tr Tr Tr X™) studied in [21]. In the 3-point case 
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a large set of singular cases is forbidden by SO (6) symmetry, and there is one remaining 
extremal case with k = I + m. For this case the actual bulk couplings Qkim from Type IIB 
supergravity have a zero which cancels the pole leaving a finite result 120]. The remaining 
singular case for (C4 O3) is extremal in exactly the same sense, and we conjecture that the 
specific couplings that occur in the D5-brane action will cancel the pole. 

3.2 D5-brane open-string modes 

We now turn to a more detailed study of the D5-brane action for the Karch-Randall system. 
We will enumerate all terms up to quadratic order in both open and closed string bosonic 
fluctuations. Considering first the quadratic action for the open string modes alone, we per- 
form a Kaluza-Klein reduction on the S"^, producing kinetic terms for towers of AdS4^ modes. 
We solve for the masses of these fluctuations, and determine the conformal dimensions of the 
dual operators O3. As we will see, two kinds of excitation are elementary to handle, while 
the remaining two types are mixed and their mass matrix must be diagonalized. Although 
there are three negative-mass modes in the full system, the Breitenlohner-Freedman stabil- 
ity bound is satisfied. All masses and conformal dimensions are nontrivially found to be 
integers, a sign of supersymmetry. These fluctuations fit into short multiplets of OS'p(4|4), 
and we will establish the dictionary relating them to gauge-invariant defect operators in the 
dual dSCFT in sectional 

There still remain interactions on the brane involving closed string modes. As explained 
in the last subsection, these give rise to various correlation functions. We list the couplings 
up to quadratic order in section 13. 3| but do not perform the KK reductions for most cases. 

The bosonic open string modes living on the D5-brane are the U{1) gauge field Ba and 
the embedding coordinates Z^^ } As usual we pick a static gauge to fix the worldvolume 
diffeomorphisms, = leaving us with the dynamical fluctuations Z'. Expanding out 
the determinant in Sbi to quadratic order, we find 

Sbi = -Td5 J d'^ e^/^-detg (l + ^d'^Z'd^Z^ g,, + ^^^^^"^ + d'^Z'h,^^ , (3.16) 

where J-'ab = Bab + 27r«'Fa6. There is still a lot of physics hidden in a/— det g, which is the 
determinant of the metric over the AdS^ x S*^ directions. The background metric is implicitly 
a function both of the worldvolume coordinates (thanks to the static gauge condition) 
and the embedding fields Z^: 

^- det g = sin^ cos^ Z^ = L^v^ v^cos^ , (3-17) 

■''We reserve the symbols A and X for the D3-brane fields that will appear in the field theory sections. 
Ba should not be confused with the NSNS 2-form Bab- 
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where and (?2 are the determinants of the Weyl-rescaled metric ()3.3p on AdS4, and S'^, 
respectively. The cosine will provide mass terms for Z"^. Furthermore, and g2 contain 
graviton fluctuations, which must be expanded out when we consider closed string modes. 

For now, we concentrate on the open string modes in (j3.16p and postpone discussing the 
closed string fluctuations, including those in mixed terms such as d°'Z^hia. For the various 
gij, we find 

g^^ = L^v'^, g^^ = L'^, g^^ = sin^ Z'^ , g^^ = L"^ siv? Z'l' svd? Z^ . (3.18) 

Notice that (?^^ and g^^ are higher order in the fluctuations, and hence the kinetic terms 
for Z^ and Z*" vanish to quadratic order. This is a consequence of our choice of coordinate 
system, as the x ai^d g coordinates become degenerate at = 0, the location of the D5-brane. 
All infinitesimal fluctuations of the D5-brane on the are ip fluctuations, and they form a 
triplet of SU{2)y. Thus Sbi to quadratic order in open string fluctuations reads 

Sbi = -{Td^L^) J d^xy/fi dQ (1 + Iv^d^Z'^daZ'' (3.19) 

+ '^d^Z'f'daZ^-{Z^f + {^y\FabF-'), 

where we are now raising indices with g"-'^, and dQ = ^/^dOdi^. Notice that the gauge field 
kinetic term is down by an additional factor a'"^ / ~ 1/A. 
Let us now turn to Swz- We find 

Swz = -Td5 J + Cr A ^ + • • ■) . (3.20) 
Of the Ramond-Ramond fields, only C4 is nonzero in the background. The relevant term^ is 

axoi2 = v'L\ (3.21) 
The 5-brane does not span the coordinate x. However, ()3.21|1 contributes to the pullback 

Cabcd = daZ'^bcd + (perms in abed) + 0{Z^) . (3.22) 
We find the contribution to the part of Swz quadratic in five-brane fields, 

Swz = ~L''TD^{27^a ) j d^xv^r\2d^Z^F,p-F^pd,Z^), (3.23) 
= -1l^Tb5(2W) j d'x e"^(29„Z^9„5^ - F^pd.Z^) , 

where is the flat-space epsilon tensor with i^'^ = 1, and we used integration by parts and 
antisymmetry to eliminate the e°'^daZ^dpBy term in the second line of ()3.23|) . Combining 

^ There is also a term polarized in the angular directions, required for the self-duality of F^; it does not 
play a role in the quadratic Lagrangian. 
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()3.19|) and ()3.23|) . we have the complete set of quadratic terms in the open-string fields. We 
see that the gauge field is coupled to the scalar Z^, while the scalar is free. We examine 
each of these systems in turn, expanding in spherical harmonics on the S"^ and computing 
AdSi masses and dual conformal dimensions. 

Angular fluctuations The D5-brane may wiggle away from its background location 
ip = Q on the 5-sphere, and this is described by Z"^ . The fiuctuation equation follows from 
(I3.19|) and is simply 

(□+2)Z'^ = 0. (3.24) 
We expand in the usual 5*^ spherical harmonics, 

Z^{y,v,^)=Y.^l{MyLm- (3.25) 

The six-dimensional Laplacian splits as □ = UAdSi +1^52, and as every second-grader knows 
from studies of angular momentum, the spherical harmonics Y^{9, 0) are eigenvectors of 0^2 
with eigenvalues 

ns^Yl{9,v) = -l{l + l)Yl{e,^). (3.26) 

Upon reduction, (j3.24j) becomes 

{uAds, -m\l)) ^l{x) = , m\l) = -2 + 1(1 + 1) . (3.27) 

Thus the zero mode is tachyonic. However, tachyonic modes do not generate an instability 
in AdSd+i space as long as the masses do not violate the Breitenlohner-Freedman bound 
|23j . which in the metric g where the AdS scale is unity takes the form > —d'^/A. For 
d = 3 we have > —9/4, which is satisfied by all the modes ()3.27p . Hence there is no 
instability in this sector, as expected due to supersymmetry. Karch and Randall [7j already 
considered the zero mode and found it to be stable. 

Using the standard AdSd+i/CFT^ formula A± = [d ± y(P + ^m?) /2 with c? = 3, we find 
for the dual conformal dimensions, 

A+ = 2 + /, A_ = l-/. (3.28) 

A_ is only possible for the constant mode / = 0. 

74^5*4 gauge field fluctuations We find it convenient to define ha = {2TTa' / L'^)Ba, 
fab = (2,710' / L'^) Fab', these fiuctuations then have the same normalization as the Z^. The 
action is then 

Sgauge = -^Td.L" J d^Xy/f, dQ fabf' (3.29) 
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We impose the gauge choice D'^ba = 0, which decouples 6^ from 6^- We then find for Sgauge 

Sgauge = 'S'f,^ + Sf,^ , (3.30) 

Sb, = ~Td5L^ Jd'x,/r,dQ{f,J'''' + 2D^b,D%'^), (3.31) 
St^ = -^Td^L' Jd'xVF4dn{2D^b^D^b^ + f^f,r''). (3.32) 

Furthermore, we see that the couphng (j3.23|) involves only ba- Therefore Sb^ gives the 
complete quadratic action for 6^. The fluctuation equation is 

D^/^. + n52&. = 0. (3.33) 

The bfj_ are scalars on the 5*^ and hence can be expanded in ordinary spherical harmonics as 
with (IS2SI), 

b,iy,v,n)=J2bi^iy,v)yLm, (3.34) 

l,m 

under which ()3.33|) reduces to a Maxwell equation for the zero-mode and standard Proca 
equations for the excited tower, with masses 

= 1(1 + 1) . (3.35) 

We translate ()3.35|) into conformal dimensions for dual operators using the standard vector 



relation A = {d + ^{d - 2)^ + 4m2)/2, and obtain 

A = 2 + /. (3.36) 



Coupled sector We finally consider the coupled sector of ba and from ()3.19|1 . ()3.23|1 . 
and ()3.32|1 . In this instance we find it more convenient to perform the S*^ reduction on the 
level of the action, before extracting equations of motion for each mode. 
For we expand as usual 

Z-{y,v,n) = Y.zl{mv)Yl{Sl). (3.37) 

l,m 

For ba, the gauge condition D"ba = tells us that b is co-closed as a 1-form on S"^] by the 
Hodge decomposition theorem 6 is a sum of co-exact and harmonic pieces. Since there are 
no harmonic 1-forms on 5*^, we may write 6 as a co-exact form, 

ba{y, v,n) = Y. blM v) eapD^Y^in) , (3.38) 
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where e^^ is the curved-space epsilon-tensor on S"^. In what follows, we will drop the "mag- 
netic quantum number" m on 2;^, b':^ and Yj^ for clarity; it is implicitly present and summed 
over when / is summed over. 
We find in (HO^ . 

f dn2D^b^D^'b'' = 2 fdQY. {D^b^D^'b^') (d^Y^D^Y^') , (3.39) 

= m)Y.^-^^D,b^D^b\ 

where we integrated by parts and used (|3.38|) . and k{l) is the normalization in / dVtY^Y^' = 
k{l)5^^' , which will drop out at the end of the day, as well as 



dn U^r" = 2 UnY^b' b'' [{D^ep^ - Dpe^^)DW'\ D^e^'DsY'' , (3.40) 
•' w 

= 2k{l)Y.m + l)fh'b\ 



where we have commuted covariant derivatives through each other as needed and used Rap = 
(jap- Thus the total action ()3.32p for the 6' modes is 

Sb^ = -jTd,LH{1) /'rf^xv^2 5]/(/ + l)(9^6W + /(/ + l)6'6') . (3.41) 
The quadratic terms for in ()3.19|1 are considerably simpler; we find 

= -\td5L^ k{l) f d^x^i {2v^) (d^z^d^z^ + /(/ + 1) z^z^) . (3.42) 



Finally, there is the mixing term from Swz (EH- Writing l^^^f^p = 2i'^^daap, we integrate 
both the da and the derivatives in the second term in (j3.23j) by parts, which cancels the 
first term but leaves a piece coming from {d^v"^). Using e"^ = ^fg^t""^ and a factor of to 
form -y/^, we obtain 



Sy^z = -4:Td5L^ J d'^x^/^dnvZ^'e'^^Dabp. 
Expanding both Z^ and ba in spherical harmonics, we find 

= ^Td^L^ I d^x^dnvY Y^' , 

= -^Td5L%{1) J d'^x^iY. 16 l{l + 1) vz^ b' 



(3.43) 



(3.44) 
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We are now in a position to derive the fluctuation equations for eacli mode using tlie total 
action (IS3H), (IS321), ^!M>- For the modes, we find 

nAds.b' = 1(1 + 1) b' + Avz', (3.45) 

while for the z'', we have 
1 



d^^^Mv^g^^duZ^ = v%l + l)z^ + Al{l + l)vh\ (3.46) 



The factors of f ^ can be dealt with by rescaling z^ by a function of v that is chosen to 
eliminate any terms with a single derivative of ^' on the left-hand side of ()3.46|1 . The correct 
factor to extract turns out to be 

= vz^ . (3.47) 

Dividing by an overall factor of f , equation ()3.46|) then reduces to 

{uAds, -4) y' = l{l + l)y' + 4/(/ + 1) 6' . (3.48) 

Additionally, the equation for U ()3.45|) loses its explicit factors of v when expressed in terms 
of y^: 

UAds.h' = l{l + l)}l + Ay' . (3.49) 

Solving the system is now trivial. The equations ()3.48|1 . ()3.49|1 can be expressed in terms of 
the mass matrix 

The mass matrix is diagonalized to find the mass eigenvalues 



= /(/ + 1) + 2±2^4Z(/ + 1) + 1, (3.51) 
= /2 + / + 2±2(/ + l). 

The masses turn out integer, which is not a property of generic Freund-Rubin-type KK 
reductions and is usually an indication of supersymmetry [21]. Each of the two branches 

= /2 + 5/ + 4^ m2(-)=/2-3/, (3.52) 

has associated dual operators, whose conformal dimensions we compute. For m^*^+\ we have 

aW = ^±ly'9 + 4(/2 + 5/ + 4) = ^±i(2/ + 5). (3.53) 
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Only the +-branch is possible for unitarity; this gives 



Ai+^ = / + 4 . 



(3.54) 



Meanwhile, for m^^ \ we find 



A, 



(-) 



^±^\/9 + 4(F-3/) 




(3.55) 



For / = 1,2, both choices are possible, while only AY is possible for I > 2. Again nontrivially, 
we find integer quantities. 

A few words are necessary for the special case / = 0. This corresponds to a constant 
spherical harmonic It is easy to see from (j3.38p that vanishes for such a mode, and 

hence 6'^° = uniformly. (The expansion of the vector field 6^ on S*^ does not contain a 
scalar part.) As a result the ?/'"° mode is uncoupled, and from ()3.48|1 we see that it has the 
(positive) mass = 4. This is merely the value of m'^^'^^ for / = (j3.52p . Hence, as is 
common in such Kaluza-Klein problems, the lower branch truncates at some / > 0, in this 
case I = 1, while the upper branch can take any value / > 0. The I = 1, I = 2 states on 
the lower branch both have the negative mass = —2, which satisfies the Breitenlohner- 
Freedman bound. 

We have now determined the complete spectrum of bosonic open-string fluctuations on the 
D5-brane. These modes are expected to be the bosonic elements of a series of short represen- 
tations of the superalgebra 05*^(414) whose even subalgebra is 5*0(3, 2) x SU {2)h x SU{2)v. 
The structure of such representations is known [23], but it is simpler to compare with the 
short representations of maximum spin 1 of the 05*^(314) subalgebra whose decomposition 
with respect to S'0(3,2) x S'0(3) was explicitly given in (50) of [SHI- The supercharges of 
OS'p(3|4) are in the J = 1 of 50(3), so we identify 5*0(3) as SU(2)jj, the diagonal subal- 
gebra of SU{2)h X SU{2)y. This means that the ifj modes appear with J = / + 1,/,/ — 1. 
Having noted this, one finds complete agreement between the Kaluza-Klein modes ()3.28|1 . 
()3.36|) . ()3.53|) . ()3.55|) and the short representations of ^|. Agreement for the bosonic modes 
is non-trivial since a given 05*^(314) representation includes 5 scalars and a vector with spe- 
cific relations between A and J. The KK spectrum is summarized in Table 1 of section 
where we will match the D5-brane modes to gauge-invariant composite operators confined 
to the defect of the dual field theory. 

3.3 D5-brane closed-string modes 

Here we briefly list the remaining quadratic terms in the Born-Infeld and Wess-Zumino 
actions, involving closed as well as open string modes. These generate (C4), (C4O3) and 
corrections to {O^O'^, respectively. We perform the KK reduction for the example of the 
dilaton one-point coupling. 
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The Born-Infeld action ()3.16|) contains terms involving the graviton h and dilaton $. 
Expanding the dilaton exponential and using 

V9 = ^/?{l + lK + UK)' - iKth^" + 0{h')) , (3.56) 
we find the closed-string one-point couplings, 

S'ij = -Td5L^J d^x^.dn (i$ + i/i^) , (3.57) 
the closed-string two point-couplings 

= -Td,L^I d^x^.dn + liKY - iKbh'^' + + iBatB'^') , (3.58) 
and the mixed open/closed couplings 

= -Tn^L^ J d'x^^dn {d^'Z'Ka + iBabF') • (3.59) 

The Wess-Zumino action (|3.2(J|) couples the closed-string fluctuations Cq and C4 to the brane. 
The one-point coupling is 

S'Sz = -Td5 JCe = -Tn^L' J dS^.dn e'^'^'^f {C^Ucdef) , (3.60) 

the closed string two-point coupling is 

S^w\ = -Td5 JbaC, = -Td^L' J d'x^.dn e^'^^'^Bat, {C,),def) , (3.61) 

and the mixed two-point couplings are 

S^W'S = - Td,L^ I d'x^.dn [e'^^'-^'i (9,Z0(C6).bcde/ + 2^ /a6 {C^)cdei) 

-it;2e"^ [B^^d.Z'^ - 2d^Z-B,p)] . (3.62) 

Again, e denotes a curved-space antisymmetric tensor. Note the terms in the last line of 
fl3.62|l involved the background value of C4 and are analogous to the purely open-string terms 

dm. 

One point to notice is that the brane interactions do not couple bulk eigenmodes directly. 
Thus we find the one-point coupling with a = 9,ip in ()3.57|1 . although the field theory 
operators Tr X'^ are dual to linear combinations of /i^ with a now running over all indices, 
and the four- form C4 polarized along the 5*^. 

Naturally, all the bulk modes appearing in ()3.57p - ()3.62p are restricted to the brane. This 
implies certain restrictions on the 50(6) quantum numbers of the modes resulting from the 
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reduction. Consider the dilaton, which is the simplest case since it is a lOD scalar. As 
usual it is expanded in spherical harmonics on 5*^, 

X, V, n,) = <i>\y, X, v) Y'in^) , (3.63) 

where the are scalar 5*0 (6) spherical harmonics and / = {k, I, m, I', m'} is a total index for 
the five quantum numbers characterizing an element of an 5*0(6) representation. The label k 
gives the total SO (6) representation as the k-iold symmetric traceless product of the 6, while 
{l,m} and {l',m'} are the quantum numbers for the SU{2)h x SU{2)y subgroup. These 
spherical harmonics are discussed in the appendix, where we show that the only harmonics 
that are nonvanishing on the D5-brane {ip = 0) are those with V = m' = 0. Hence the closed- 
string modes that participate in the interactions ()3.57|) . ()3.58p and ()3.59|) are characterized 
only by fc, I and m. Furthermore, at ^/^ = the functional form of the harmonic does not 
depend on fc; the total quantum number only determines an overall normalization. 

Let us now consider the one-point couplings ()3.57j) . For the dilaton we find 

4'^ = -\Tn,L'^ j d'x^.d^Y. ^L{y,v)Yl,{Sl)Zl{Q), (3.64) 

k even 

Here z{k) = Zqq{0) is a fc-dependent normalization factor. We have integrated over the S"^, 
which gives zero for all Yj^ except the constant mode Yq = l/v^ivr. We note that only the 
representations of 5*0(6) with k even contain SU{2)h x SU{2)v singlets; this can be seen 
by recalling that 6 (3, 1) © (1, 3), and hence by the usual rules for addition of angular 
momentum, the 5*0(6) representation with k even or odd only contains 5*0(2)// x SU{2)v 
representations with total spin / + /' even or odd, respectively. The remaining closed string 
modes involve a similar reduction of vector and tensor spherical harmonics, which we leave 
for the future. 



4 Field theory action 

We now determine the action for the dual quantum field theory. In the absence of the defect, 
the theory is simply jV = 4 Super Yang-Mills with gauge group SU{N) in four dimensions; 
this completely specifies the four-dimensional fields and their bulk couplings. We also know 
that the defect, which breaks the total supersymmetry to eight supercharges, hosts a three- 
dimensional hypermultiplet, which transforms as a fundamental of the bulk gauge group 
(see, for example, J^). In principle, the defect action can be derived as the a' — > limit 
of the D3/D5-brane intersection. However, we will be able to use gauge invariance and the 
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preserved supersymmetry and R-symmetry to completely determine the action, given the 
inputs above. 

The preserved spacetime symmetries of the configuration are three-dimensional transla- 
tions and Lorentz transformations, as well as three-dimensional N" = 4 supersymmetry, 
which admits an S'0(4) R-symmetry, realized in our case as SU{2)v x SU{2)h- The gravity 
dual predicts that the field theory is additionally superconformal, but these extra symme- 
tries will not be used to construct the action. Classical scale invariance will nonetheless be 
manifest, with the dimensionless 4D Yang-Mills coupling g the only parameter. Whether 
conformal symmetry persists on the quantum level is an important test of the correspon- 
dence, for which we provide partial results in section Ifi.H further results can be found in 

m 

The interactions on the defect involve both 4D and 3D fields. These must be coupled 
in a supersymmetric way, and consequently, one must develop a procedure for breaking up 
4D supermultiplets into sets of fields that, when restricted to the defect, transform like 3D 
supermultiplets. The method we use is based on work of Hori [0], who addressed similar 
questions of defining supersymmetric interactions on a codimension one hypersurface (in his 
case in two dimensions); similar techniques have been employed previously to effect ordinary 
dimensional reduction [2H1- This method employs superspace: four-dimensional M = 1 
superfields T{y,x,9) can be made into three-dimensional Af = I superfields T3d(^, 0) by 
restricting them to the "superspace boundary", which means imposing x = as well as 
two linear relations on the four fermionic coordinates 6. Invariant three-dimensional actions 
involving T^d{y, B) along with inherently three-dimensional superfields Q{y, 0) can then 
easily be constructed. Such actions possess terms with derivatives transverse to the defect 
and hence are not equivalent to actions obtained by direct dimensional reduction. In the next 
subsection we detail the superspace boundary method in A/" = 1 superspace. In the section 
that follows, we construct the action for our eight-supercharge field theory with defect, and 
discuss the realization of the extended supersymmetry. 

4.1 The superspace boundary 

We briefiy review some elementary facts about superspace, and in the process fix our nota- 
tion. 4D Af = 1 superspace consists of the usual bosonic coordinates {y, x) with y a 3- vector 
as well as anticommuting coordinates 6. To facilitate reduction to three dimensions, our 4D 
superspace conventions are in a Majorana form, and hence 6' is a four-component Majorana 
spinor. Superfields T{y,x,9) are defined on superspace, and can be expanded in a termi- 
nating power series in 6, where the coefficients B{y,x) and F{y,x) are just the ordinary 
bosonic and fermionic fields that make up a given supersymmetry multiplet. One defines 
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the superspace covariant derivative D and supersymmetry generator S", 

D ^ ^ + s^^^-i^^9d,, (4.1) 

{D^.Dp} = -2iYd,, {S^,Sp} = 2iYd^, {D^,Sp} = Q. (4.2) 

and the supersymmetry transformation of a superfield T{y,x,6) is simply 

6Tiy,x,e) = ivS)T{y,x,e), (4.3) 

with rj Majorana. The power of superspace hes in the fact that products of superfields 
and their covariant derivatives are again superfields with the transformation law ()4.3|) . By 
integrating such products over superspace, one obtains Lagrangians that are invariant un- 
der supersymmetry by construction. This is often far more convenient than fashioning a 
component action term-by-term and verifying supersymmetry explicitly. 

Chiral (antichiral) superfields $ ($) obey the condition RD^ = {LD^ = 0). We can 
write 

$(y, X, e) = 6-5^"^"^'^^'' (0(y, x) + V2eLtP{y, x) + eL0F{y, x)) , (4.4) 
$(y, X, 6) = 6+^^"^"^^^'' (0(y, x) + V2eRij{y, x) + OROFiy, x)) , (4.5) 

with and F complex scalars and ip a Majorana spinor. The vector superfield V°'{y, x, 9) is 
a real superfield, which in Wess-Zumino gauge reads 

v = -^eYiOA""^ + i{0Le){0RX^) - i{eRe){eL\'') - \(eLe)(eRe)D'' , (4.6) 

while the field strength superfield is 

{LW)l ^ -\{DRD)e-'^^^\LD)y^^^'' (4.7) 
= e-t^"^"^^^M (-z(LA")„ - D'^iLO)^ + f (L7'^'^^)„F;, + {LYD,X)^(eLe)) . 

We define the superspace measures 

(feL = deLde, d^eR = deRde, d^e = d^eLd^eR. (4.8) 

We then have the action integrals 

J d^xd^e $e2^-^$ = J d^x[{D^(l))^Dy - ^ifj'y^D^iP + FF + 

iv^i^X'^T'^LiP - ijRX^Ty) - ^D(j)] , (4.9) 
J d^x^lm J d^eRTiWLW) = J d^x[jj [-iFI^^F^^" - |AV^m^° + l^^^D" 

J dVOR W{^,) = J d'x {F'd,W{(j)) - l{didjW{<P)) 
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with the definitions 

D.ct^ = {d, - iAlT^)cl^ , D,^ = {d, - zA^iLT'^ - RT*^))^ , r ^ ^ + ^ . (4.10) 

It is clear that the presence of the defect must break some supersymmetry, since x- 
translations are broken; supercharges that anticommute to such translations must also be 
broken. The only possibility is that half the supersymmetry is preserved, leaving 3D = 1. 

Under the three-dimensional Lorentz group, a four-component spinor decomposes into a 
pair of two-component 3D spinors, labeled by an additional index i = 1,2. The decomposi- 
tion of gamma matrices in our basis is given in Appendix B. For example, the four-component 
supersymmetry generator S turns into a pair of two-component objects: 

Si = g^- ^p'Oidk + 92d, , ^2 = + p'92dk + Old, . (4.11) 

Only a linear combination of the generators ()4.1H1 that does not involve dx can be preserved. 
To this end, we must place two linear relations on the four 6 coordinates: a convenient choice 
for us is 



02 = 0, (4.12) 

where we bear in mind 62 is a two-component real 3D spinor. Defining = ^i, we now have 
the 3D A/" = 1 superspace covariant derivative and supersymmetry generator 

V = D,\e,=o =gQ+ 'P'^dk , S = Si\e,=o = ' ^P'<^dk . (4.13) 

Fields native to the defect are naturally written as inherently 3D superfields Q{y, 0). These 
have the expansion 

Q{y, 0) = qiy) + miy) + |00/(y) , (4.14) 

and may be real or complex, but if complex, the real and imaginary parts transform inde- 
pendently under supersymmetry. Furthermore, from any 4D superfield T{y,x,6) we may 
create a 3D superfield Tsdiy, ©) by restricting to the "superspace boundary" : 

T3,(y,0) = r{y,x,e)\9 = T{y,x,e)\x=e,=o. (4.15) 

This is the central concept. T^diy, ©) includes some or all of the component fields contained 
in T{y,x,6) restricted to the defect at a; = 0. As can readily be seen, T^d transforms as a 
3D superfield under the preserved supersymmetry transformations, namely ()4.3|1 with 772 = 
0. Consequently, any product of T3rf(y, 0) and Q{y,Q) and their 3D covariant derivatives 
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{Q\y, 0) ■ ■ ■ T^^(y, 0) ■ • • VQ^{y, 0) ■ ■ ■ VTl^{y, 0) ■ ■ ■) may be integrated over the two 
coordinates to produce a 3D A/" = 1 invariant Lagrangian. We define the measure 

d'^e = ldede. (4.16) 

As an example of a 4D superfield restricted to the superspace boundary, we find for the 
chiral superfield 

= + ^©(V'l - #2) + |00(i^ + ^ds<P) , (4.17) 

where again ipi, il)2 are the 2-component spinors emerging from the 4-component ip. The real 
and imaginary parts of ()4.17|) transform independently under 3D M = 1 supersymmetry, 
exhibiting the decomposition of a 4D M = 1 chiral multiplet into two 3D A/" = 1 real 
multiplets. 

The appearance of the transverse derivative (930 in ()4.17p may appear at first unusual, 
but it is required by 3D supersymmetry (as one may easily check using component trans- 
formations), and will prove vital in our construction of the eight-supercharge Lagrangian. 
When one compactifies the 3-direction and expands in normal modes, d^cf) contributes the 
appropriate mass terms to the 3D auxiliary field, which helps in understanding its presence. 

In three dimensions, the superspace action for the kinetic terms of superfields Q as well 
as coupling to a gauge multiplet is j23| 

Skvn = I d'xd^Q i(vg)vg , (4.18) 

where we have defined the superspace gauge covariant derivative 

W = V ~ iVT" , (4.19) 

including the connection spinor superfield T"", which contains the gauge field and its part- 
ners. We are not interested in inherently 3D gauge fields, but instead we wish to obtain 
a connection superfield by starting with some 4D superfield containing the gauge multiplet 
and reducing to the superspace boundary. We arrive at^ 

pa ^ (DV'')2\d = ip'^QAl + A'f(00) . (4.20) 

Here we decompose the 4D spinor DV^ into two-component 3D spinors and keep the latter 
3D spinor, restricting it to the superspace boundary. Notice that the auxiliary does not 
survive the projection to three dimensions; this is appropriate since a 3D M = 1 vector 

^In principle one could define FT" = ie~'"^ De^°'^ ^ for any a, but upon setting 6*2 = these all 
coincide in Wess-Zumino gauge. Outside WZ gauge, a would appear in the coupling of the gauge-artifact 
fields in the vector multiplet to the 3D modes, but these terms have no physical content. 
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multiplet does not contain an auxiliary field [211 • With the definition ()4.2U|) . the action 
()4.18|1 reduces tgo 

Skin = J d^x {{D''q)^Dkq - i^p^D^^ + ff + iqXin - z^X^T^q) , (4.21) 

with Dk = dk — iT^A^. This indeed contains a canonical coupling between 3D matter, and 
(certain components of) the 4D gauge field and its superpartners. In the next subsection, 
we will apply these results to obtain the particular Af = 4 theory we need to describe our 
system. 

Besides making supersymmetry manifest, the "superspace boundary" technique outlined 
here has the advantage of producing an action already formulated in superspace language. 
This facilitates perturbation theory, where all but the most elementary calculations in com- 
ponent formalism prove far too cumbersome even in the case of the pure bulk J\f = 4 SYM. 

A drawback of using this superspace formalism for our system, however, is that it makes 
only one quarter of the supersymmetry manifest: four supercharges in the bulk broken to 
two on the defect, instead of sixteen broken to eight. This also means that the R-symmetries 
are obscured: only a diagonal SU{2)£) C SU{2)v x SU{2)h will be visible in the superspace 
action. To confirm that the larger symmetries are present, we will reduce to a component 
action, and explicitly demonstrate SU{2)v x SU{2)h invariance. The existence of this R- 
symmetry then implies the full 3D A/" = 4 supersymmetry. 

4.2 Action for field theory with defect 

Under the reduced supersymmetry, the bulk 4D J\f = A vector multiplet decomposes into 
a 3D A/" = 4 vector multiplet and a 3D A/" = 4 adjoint hypermultiplet. As described in 
|14j . the bosonic components of the vector multiplet are {Ak,X'^,X^,X^}, with the scalars 
transforming as the 3 of SU{2)y, while the hypermultiplet consists of {Aq,X^,X'^,X^}, 
with these scalars a triplet of SU{2)h. (In fact, we will see this is slightly oversimplified: the 
x-derivatives of X^, and X^ actually participate in the vector multiplet, as does Aq, as 
part of the auxiliary field.) The four adjoint Majorana spinors of A/" = 4 SYM transform as a 
(2, 2) of SU{2)y X SU{2)h, which we denote A*™". Under the reduced spacetime symmetries, 
they decompose into pairs of two-component 3D Majorana spinors, with A^"^ ending up in 
the vector multiplet and Ag*" in the hyper. 

The hypermultiplet living on the defect transforms in the fundamental representation of 
the gauge group. It consists of an 5'f/(2)//-doublet of complex scalars g™' and an SU{2)v- 
doublet of Dirac 3D fermions In addition to the R-symmetry charges, the defect hyper- 
multiplet is also charged under a global U{1)b, under which the bulk fields are inert; the 
corresponding current is dual to the D5-brane gauge field on the gravity side. Because the 
defect hyper fields are in the fundamental representation of the gauge group SU{N), they 
are coupled canonically to A^, and hence supersymmetry will induce couplings to the rest of 



24 



the bulk vector multiplet as well, which we determine below. The bulk hypermultiplet does 
not directly couple to the defect fields. 

The field content and Lagrangian for the theory in the bulk are identical to that of TV^ = 
4 Super Yang-Mills with gauge group SU{N). Using Af = 1 superspace, the superfields 
are an SU{N) vector multiplet V"", as in ()4.6|) . and three chiral multiplets in the adjoint 
representation, X""^ with A = 1,2,3: 

^aA ^ e--^'^^''^'^'^^ (X""^ + y/2eLx''^ + eLeF''^) , (4.22) 

and the A/" = 4 action in our conventions is 

5*4 = Sk ~^ Sg -\- S-^ , 

Sk = ^y'rf^xd^^<l>^^(e2^"*'")^^$^% (4.23) 
Sg = J d^x^lmj d^eRT{WLW), 

where {t°')bc = —if"-^^ since the are in the adjoint representation. In components, this is 
+ (L)'^X^'')tL)^X^" - ix^V^^X^" + i^^"^^" (4.24) 

+ ^/2r^\X^^\''Lx^'' - X^^i?A'^X^'=) + if^bcj^Abj^a^Ac 

+ 75 eABcT^^F^^X^^X^" + F^'^X^^X^^ - x^^^LX^" + RX^'')x^^)] , 

with -D^X" = d^X"- + f°-^^A^^X^ and likewise for the fermions. 

The defect hypermultiplet can be written as two complex 3D multiplets Q*, i = 1,2: 

Qi = + e^* + lee/* ^ (4.25) 

The superfields (Q*) transform in the fundamental (antifundamental) representation of 
SU{N); we have suppressed the gauge indices. They are coupled to the bulk gauge fields in 
the way we have outlined: 

Smu = jij d?xd^e i(W)VQ' , (4.26) 

with V as in (gUni). 

Finally, to obtain a theory that preserves 8 supercharges and places the 3D part of the 
gauge field Ak in a single supermultiplet with the scalars X^, X^, X^, we must produce a 
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coupling of the to half the fields in the We choose a convention where the scalar 
parts of are {X^ + iX^) / ^/2, with Xh = (X^ X\ X^) and Xy = (X^ X^, X^). We then 
define the following 3D superfields by restricting to the superspace boundary: 

^Aar^a ^ Re{e^-T^Aar^-e-^-^)\9 (4.27) 
= (Re X^" + ^Qxt^ + |ee(Re F^" - Im X^^ - /"''"A^ Im X"^^)) T" , 

where T"' are generators in the fundamental representation of SU{N). The sole consequence 
of the exponential terms in the definition ()4.27|) is to covariantize the transverse derivative 
^6, which is necessary to preserve 4D gauge invar iance. We now claim that the final piece of 
the action is 

Sx = ^ j d^xd^e V2afj Q'X^^T^Q^ , (4.28) 

where a;^ are the Pauli matrices. This is the AT = 4 supersymmetric completion of ()4.26|) . 
and therefore involves the same coupling constant, g. Hence the defect action adds no new 
couplings to the theory. That ()4.28j) is bilinear in and linear in the X-^ can be expected 
on the grounds of gauge invariance and supersymmetry. The origin of the precise coefficients 
will emerge as we discuss the symmetries and component expansion of this action. 

We notice immediately that, not only the scalars X'', X® and X^, but also the fields 
X'^, X^, X^ and participate in the bulk vector multiplet and couple to the boundary 
hypermultiplet, due to the DqX^"- term inside the auxiliary field of X^"-. This should not 
be too surprising, since it is known that constraining the bulk vector multiplet to vanish at 
the defect places Dirichlet boundary conditions on Xy and Neumann boundary conditions 
on X^ Plj. Analogously, the bulk hypermultiplet restricted to the defect contains the first 
derivatives of the Xy along with the restriction of the X^. 

Let us examine how the symmetries of the system are realized in the action ()4.23|1 . ()4.2(i|l . 
TV = 4 SYM has an SU{4:)r R-symmetry, of which only SU{3) x U{1)r is visible 
in the A/" = 1 superspace formulation: the SU (3) acts on the three chiral superfields in the 
obvious way. Once the defect is introduced, only SU{2)v x SU{2)h C SU^'i)^ is preserved. 
We cannot hope that more than the intersection of SU{2)y x SU{2)h with SU{?>) x U {X)r will 
be visible in our presentation. In our convention for the components of $, the 5*0(3) C S'?7(3) 
is precisely the diagonal subgroup SU{2)d C SU{2)y x SU{2)h, and this turns out to be 
the manifest part of the R-symmetry. Under SU{2)£,, the defect hyper fields and 
should both transform as a doublet. Hence SU{2)o acts as a global symmetry on our 
superfields: is a doublet and is a triplet, while F is a singlet. The kinetic action 
fl4.26|) is obviously invariant under SU{2)£,] preserving the symmetry in ()4.28p requires the 
Pauli matrix coupling, but does not specify the overall coefficient. 
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The global U{1)b symmetry, with current dual to the D5-brane gauge field, is also manifest 
in the superspace presentation: the superfield has charge one while the bulk fields are 
inert. 

Also worth mentioning are a pair of discrete parity symmetries, P and Pq. In three 
dimensions, reversing the sign of both spatial coordinates is a part of the proper Lorentz 
group, but reversing the sign of just one, which we call P, is nontrivial. For example, we 
can send X2 — > —X2, A2 — > —A2. The total bulk and defect superspace action ()4.2H|1 . ()4.2fj|l . 
fj4.28|) is then invariant^ under the transformation 

P: e-^i-f'^e, V^^-V, <l>^-$, Q^Q. (4.29) 

One can also consider reversing the sign in the broken direction, xq —Xq, Aq —>■ —Aq. 
This is reahzed on superspace as 

Pg : 0^ t-f-f^e , V ^ -V , $ ^ $ , Q^Q. (4.30) 

The superspace transformations ()4.29j) and ()4.3()|1 implicitly determine the action of parity 
on the component fields. The transformation Pg is realized trivially on our defect action, as 
it is equivalent to changing the signs of the ambient hyper fields (which do not participate) 
while leaving the ambient vector and defect fields inert. It is a nontrivial symmetry of the 
A/" = 4 SYM action. 

Not evident in the superspace formulation are the remaining off-diagonal symmetries in 
SU{2)v X SU{2)h- Under a SU{2)v transformation, \Ef' will rotate while is inert, and the 
converse for SU{2)h. Additionally, under a generic SU{2)y x SU{2)h transformation, the 
fermi fields Xi"' inside A""^" mix with the Af = 1 gaugino inside F'*, and together form a 
(2, 2). It is obvious that if these symmetries are present, they will only be visible by reducing 
to the component action. 

In components, the defect action ()4.26|) . ()4.28|) is 

^3 = Skin + Sx, (4.31) 
Sk.n = ^ j ({D\yDkq' - i¥p^Du^' + ff + t(t\lT'^m' - z^X^TY) ,(4.32) 

Sx = j d^x [-af^¥X^^T^^^ - af^xt'^T''^ + ¥xt''T^q^) (4.33) 
+4(g^X^^"TV'' + fX^'^ry + (f{F^'' - DeX^'')Ty)] . 

We would like to demonstrate the full SU{2)v x SU(2)h invariance. The kinetic terms are 
obviously invariant. Let us next examine the Yukawa terms coupling the defect hyper to the 
bulk fermions Ai, Xi- We define the gaugino fields 

Kn = ^''S^m " ^X^V^ , (4.34) 

^Assuming the vanishing of the vacuum 0-angle. 
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which transform as A" dv^^'QH^ analogous to a hnear sigma model field a + iir^a^. Here 
we are using i, j as SU{2)v indices and m, n as SU{2)h indices. The Yukawa terms then 
become 

j d'x {KTiXDmiT"^' - i¥{Xl)imT''q^) , (4.35) 

and are manifestly invariant. The precise value of the coefficient in ()4.28p was required to 
construct ()4.35j) . There is one more Yukawa term in ()4.33j) . namely 

- J £x afj ¥X^''T''¥ . (4.36) 

This obviously respects SU{2)v x SU{2)h. is a triplet of SU{2)v and is a doublet, 
and all fields are inert under SU{2)h- Furthermore, the scalar derivative coupling 

- j (fiDe X^'^) T'^q^ , (4.37) 

transforms under SU{2)h in the same way ()4.36|) did under SU{2)y, and is similarly invari- 
ant. 

Finally we come to the auxiliary fields and the scalar potential. Having entirely fixed the 
form of (j4.28p to enforce SU{2)y x SU{2)h on the Yukawa terms, invariance in this sector 
is a nontrivial check, and in fact we find a gratifying interplay between bulk and defect 
auxiliary fields that preserves the symmetries. The result is reminiscent of how in the bulk 
A/" = 4 SYM theory, neither F-term nor D-teim contributions to the scalar potential are 
individually SU^i) invariant, but instead only the sum. 

Considering first the defect auxiliaries /% we have the terms 

J Sx (f'f + af^ {q'X^''T''P + fX^^T^q^)) . (4.38) 

Eliminating the /' via their equations of motion as usual, we find 

r = -4 T'^g^' , P = -4 g^Xf T'^ , (4.39) 
and then ()4.38|) becomes 

j £x i-ff) = -Jd''x q\a^(T^)ijT''T\^ X^^X^^ . (4.40) 
Using the relation 

i^ABc(^^ and symmetrization/antisymmetrization, we 

obtain the result 

j d\ {-\q'{T\ T'}q' X^'^Xf + ie^Bc/"'^ q' ^ Xf X^^) . (4.41) 
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The first term is SU{2)v x SU{2)h invariant, since the q and Xy variations cancel sepa- 
rately. The second term, however, is not invariant. Fortunately, we have not exhausted the 
contributions to the potential. 

We turn now to the bulk auxiliary fields. Their action can be written 

J d^x (f^^F^"^ + ^eABcr^\F^''X^^X^^ + F^'^X^^X^^) + 5{xq) q^af^T^'q^ F^") , (4.42) 

where the last term comes from the defect action. In terms of real and imaginary parts, this 
becomes 

+ 5(x6)gV,^T"g^F^T. (4.43) 

The imaginary part Fh does not couple to the defect, so its contribution to the potential is 
unchanged from Af = 4 SYM. For the real part Fy, we find 

i^y " = - {leABcr'%X^'X^^ - X^'X^^) + 6ix,) q^af^T^) , (4.44) 

where the first part is the same as A/" = 4 SYM. Thus all terms from the bulk auxiliaries F"^ 
are 

j d^x-\ (f^^'F^" + F^^F^") = (4.45) 
/ d'x {-Vf - i 6{x,) eABcr'^iX^'X^^ - X^'X^^) q^af^T^ - \6{x,f {q'a^Ty^f) . 

Here V/' is the usual F-term contribution to the J\f = 4 SYM potential, which when combined 
with the bulk D-terms is of course S'?7(2)y x SU{2)h invariant (in fact it's SU{4:) invariant). 
The S{xq)'^ term is also obviously invariant. The remaining terms can be integrated over 
S{xq) to produce a three-dimensional potential. "Miraculously", the Xy^Xy*^ term exactly 
cancels the non-invariant piece from ()4.4ip . The final term is invariant, as both qa^q and 
eABcX^X^ are triplets of SU{2)h and singlets of SU{2)y. 

We have now demonstrated that besides being 3D M = 1 supersymmetric by construction, 
our bulk/defect action has an SU{2)y x SU{2)h R-symmetry. We therefore conclude that 
it is in fact 3D A/" = 4 supersymmetric. We summarize the final expression for the defect 
action, including the potential: 

S-i = Skin + Syuk + Spot , (4.46) 
Sk^n = j d''x({D\'^)^Dkq^-i¥p^Dk^') , (4.47) 

Syuk = j,Jd'x{zrCKUn'-i¥{XtUT''q"'-¥crf^X^-T^¥), (4.48) 

V = -^/rf'a;i(g"^{T^T^}g™X^^"Xf -e^r'^^X^Xf^g^^aLTV) (4-49) 

/ rf'x(g-aL(^6^^")TV + |5(0)(g™crLTV)') , 

29 



where we have distinguished SU{2)y indices A, B, C from SU{2)h indices m, n, /, J, K. 
The (5(0) factor in ()4.49j) may seem curious, but in fact terms of this nature have aheady 
been anticipated by Kapustin and Sethi [TT], who argued they were necessary to obtain a 
sensible Higgs branch, and by Mirabelh and Peskin [20], who showed them to be necessary 
for proper cancellation of divergences in a 5D case. Such terms are a generic feature of 
supersymmetric couplings of defect matter to higher-dimensional gauge multiplets involving 
auxiliary fields. We shall have more to say about 5(0) in section I01 

Before leaving the action behind, let us discuss a few other terms that one might try to 
include, and argue on symmetry grounds that they are absent. In particular, to justify our 
action we must rule out the presence of other marginal couplings. Doing so has the additional 
benefit that the gauge coupling g is left as the unique parameter of the defect theory. M = 1 
supersymmetry does not forbid terms of the form 

Squaruc = J d'xd^e {QVV' Q') = J d'x [2{fYq^q^ + q'fq^qn (4.50) 
- {2¥'$'q^q^ + 2¥q'q^'^^ - q'^^'p^q^^ - ¥q'¥^q^)] . 

The two independent ways of contracting the gauge indices lead to two dimensionless cou- 
plings, which generically run with scale. Eliminating the / fields results in the new contri- 
butions to the scalar potential 

{cfq^f , {ctq')af,q^X^'^T'^q' . (4.51) 

The SU{2)v x 5*^7 {2)h R-symmetry of our theory, however, does not permit us to modify the 
action with ()4.50p : although the {^!^^!^q^q^) and {q'q'Y terms are SU (2)y x SU (2)/^-invariant, 
the rest are not. 

We have assumed throughout this section that the defect couples only to the bulk vector 
multiplet, and that the bulk hypermultiplet ignores the localized matter at tree level. One 
can readily see that a term analogous to ()4.28j) but involving 

yAarj^a ^ (e^-^^^'^T^e-^'^) |a = ^ (X^" - 0x2" + |ee(F^" + D^X^")) T" , (4.52) 

instead of X^'^ is forbidden, since the SU{2)y x SU{2)h assignments of the participating 
bulk scalars are reversed. (Such a term would be part of the mirror coupling of the defect 
matter to the bulk hyper only, wherein the SU{2)y x SU{2)h charges of g™" and are 
exchanged.) 

One may also consider interactions on the defect involving only the ambient fields. The 
marginal term 

Scs = ^J d'xd'e (r"(D'^D„r^) + ■■■), (4.53) 

leads to both a gaugino bilinear (A"A^) and a Chern-Simons term (e'^'^A^SiA^ + ■ ■ ■) for 
the restriction of the gauge field; the ellipsis in ()4.53j) indicates terms with 3 and 4 factors 
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of r necessary for the non-Abelian completion [211. Notice that while fermion bilinears and 
a Chern-Simons piece for inherently three-dimensional fields would be mass terms, for the 
ambient fields localized on the brane they are marginal. Such terms are related by A/" = 4 
supersymmetry to 

Sx2 = J d^xd^QX^^X^" = J d^x [x^'^iF^'' - Z^e^i") - Ixt'^xt'") ■ (4.54) 

The simplest way to rule out (j4.54|) . and hence (j4.53|) as well, is to notice that Xy°-DQX^°' 
violates SU{2)y x SU{2)fj', eliminating the bulk auxiliary Fy also produces non-invariant 
interactions. A term involving the bulk hyper / d^Q yAayAa g^ffgj^g from similar problems. 
Finally, one may imagine 

SxY = J d^xd^Q ;^AayAa ^4 55^ 

= Jd'x'^ {x^^iF^"" - D,X^-) + X^\F^^ + D,X^^) + xf xf ) • 

Interestingly, almost every bosonic term in Sxy is SU{2)v x SU{2)h invariant; the one ex- 
ception is a term (/ d^ x eABC f"'^'^ X^"" Xy*^ Xy^) arising from the auxiliary fields. Nonetheless, 
this term allows us to rule it out. This completes our list of potential marginal terms with 
additional couplings. 

Since our sought-after field theory must be conformal, we must not have any massive pa- 
rameters in the action. Moreover, for the quantum theory to maintain conformal symmetry, 
it is necessary that couplings of dimension m are not generated by linear divergences. Conse- 
quently, it is useful to demonstrate that mass terms are ruled out by A/" = 4 supersymmetry 
and SU{2)y x SU{2)h. One might imagine the AT = 1 supersymmetric couplings 

Sm = J d^xd^Q {mS^j + m^af^) Q'Q^ (4.56) 
= J d^x {m6,j + m^of^ {fq^ + q'f - ¥'$^) . 

Although the triplet mass term is A/" = 4 supersymmetric, neither term is SU{2)v x SU{2)h 
invariant, since elimination of the leads not only to mass terms, but also to cross-terms 
a{^(fXy°-T°-q^ and {a^a^)ijq'Xy°-T°-q^ , which violate the R-symmetry. 

Meanwhile, terms involving ambient fields with a massive coupling constant are impossible, 
since on dimensional grounds the superspace integrand would have to contain a single super- 
field, which cannot be gauge invariant for SU{N), in the spirit of a defect Fayet-Iliopoulos 
term. Hence the preserved R-symmetry forbids mass parameters of any kind. 

Although we have not imposed them, we find that scale invariance and parity ()4.29|1 are 
both symmetries of our final classical action. (The other discrete symmetry, Pq ()4.30|) . is also 
a symmetry, but we have in effect imposed it by demanding that the defect matter couple 
only to the ambient vector multiplet.) Furthermore, it is also straightforward to show that 
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the action is invariant under inversion, and hence is fully SO {3, 2) symmetric. Almost all the 
rejected couplings would have violated the parity symmetry P; this is not surprising, since 
3D fermion mass bilinears are known to violate parity, and ()4.50|) contains an analogous 
qq^^. The exception is ()4.55|1 . which respects parity; the term (/ d^x eABcf'^''^XH^XY^XY^) 
is unusual in that it is parity-invariant but SU{2)v x SU{2)h non- invariant. 

We have concluded that our theory is an 3D A/" = 4 supersymmetric, SU{2)v x SU{2)h- 
invariant coupling of bulk A/" = 4 Super- Yang Mills to the defect hypermultiplet, also respect- 
ing the SU{N) gauge symmetry and the global U{1)b, and additionally we were unable to 
find any further generalizations of the theory that preserve these symmetries. Consequently, 
we conclude that the action we have obtained defines the correct candidate for a novel de- 
fect superconformal field theory dual to the AdS^/Db-hiane system. We discuss conformal 
invariance in the quantum theory in section IHl 

5 Operator matching 

The spectrum of modes resulting from the KK reduction of the D5-brane fields in sectional 
must be matched with gauge-invariant operators in the field theory. In this section, we 
discuss the construction of this dictionary. We identify conclusively the operators dual to 
the lowest floor of the tower of KK modes. We also discuss the primary operators at higher 
Kaluza-Klein levels. At the end, we make a few remarks about the effect of the defect on 
the closed-string mode identification. 



Mode 


2 

m 


A 


SU(2)h 


SU(2)v 


Operator in lowest multiplet 




1(1 + 1) 
(/ + 2)(/-l) 

/(/-3) 
(/ + 4)(/ + l) 


1 + 2 
1 + 2(1-1) 
I (3-1) 
l + A 


I > 
/ > 

I > 1 
/ > 




1 





^ia^^j + 2q^X^''T''q"' 



Above we summarize the results from section |2l where in the second and third lines we 
have noted the possibility of A_ for small values of /. We have also indicated the three 
dual operators that appear in the lowest (massless) multiplet, which we identify below; the 
(h + z)^^^ tower does not contribute to this multiplet. 

The fields of the dual field theory, their quantum numbers and their conformal dimensions 
in the free theory are tabulated below: 
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Mode 


Spin 


SU{2)h 


SU{2)v 
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1 
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^« 
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The SU{2) quantum numbers are written in a spin notation. From these fields, we can con- 
struct gauge-invariant operators. Since the operators dual to D5-brane modes are confined 
to the defect, each must include at least one pair of or fields, but may contain ambient 
fields as well. 

Certainly it need not be true that every possible operator will have a dual among the KK 
SUGRA excitations, as some will instead correspond to stringy modes, a scenario familiar in 
AdS /CFT. However, we do expect to be able to find a dual operator for every D5-brane mode, 
because the corresponding multiplets are short, and consequently we expect the conformal 
dimensions of the elements to be protected and not to vary with the 't Hooft coupling A. 

In principle, the dual operators are determined by obtaining the full action for the D3/D5 
system before the near-horizon limit is taken. Terms linear in D5-brane modes then give the 
composite operator, composed of both D3 and 3/5 fields, dual to the D5-brane mode. We can 
deduce the identities of the dual operators in the ground fioor by exploiting supersymmetry 
alone. T-duality in the D3/D5 system provides a check on these results, and identifies the 
structure of the higher multiplets. 

Consider first the bottom of the (b + z)^^^ tower, 1=1. This mode lies in the mass region 
where either A-|. or A_ is possible. Since the theory is superconformal and we have the usual 
relation between the conformal dimension and the R-symmetry, we expect A ascend linearly 
in /, and hence we identify the correct choice as A_ = 1. The operator must be a spacetime 
scalar in the (3, 1) of SU{2)h x SU{2)y, and there is a unique candidate: 

C'^q^al^q-. (5.1) 

All the other operators dual to D5-brane modes have larger conformal dimension, and hence 
we identify as the lowest chiral primary. The remainder of the lowest multiplet can be 
obtained by acting on with Af = 4 supersymmetry transformations. We can easily do so 
by beginning with the component A/" = 1 supersymmetry transformations implicit in ()4.3j) 
and promoting the supersymmetry parameter to a 2 x 2 matrix of Majorana spinors rjim, 
which transforms like the gaugino Aj^- We find the other operators in the same multiplet as 
to be 

jrim ^ + (5.2) 
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8^ = ^ia^<^j+2q'^X^^T^q'^ , (5.3) 
= iq'^D^q'^ -i{D^q'^)^q'^ + ¥pH\ (5.4) 

where to obtain ()5.3|) we used the exphcit form of / ()4.39p . We can readily match the 
bosonic operators E"^, to D5-brane modes. S"^ is an 5'[/(2)v-triplet and a spacetime 
scalar with A = 2, and hence matches the / = mode of ip, assuming we choose A+. 
Furthermore, is precisely the current of the global symmetry U{1)b, with A = 2 and 
vanishing SU{2)y x SU{2)h quantum numbers, and correspondingly is dual to the lowest 
mode of h^. 

This operator map implies the existence of terms in the action of the full D3/D5 system, 
localized on the intersection and coupling the D5-brane fluctuations to the fields making up 
the dual operators. For example, the identification of ()5.4|) as the dual of the D5-brane gauge 
field implies a coupling 

^D3/D5 3 j d^xBkJe, (5.5) 

which is precisely what we expect given that in the full brane system, the defect fields are 
in the fundamental of the D5-brane gauge group as well. The supersymmetric partners of 
(I5.5|l must reproduce the rest of the ground floor operator map. For us, by far the easiest 
way to confirm this is to T-dualize our defect action ()4.32|) . ()4.33|) in the 4 and 5 directions; 
this transforms the D3-branes into D5-branes and vice versa, and hence generates from the 
coupling of D3 fields to the defect the analogous D5-brane couplings to the defect. We 
find that the terms in the dSCFT action T-dualize to terms that confirm the identification 
of the operators ()5.H) . ()5.3|) . and ()5.4p . This agreement is strong evidence that the field 
theory action we have developed is the correct candidate for a dual description of the gravity 
background. 

Let us now consider the higher-/ modes. In analogy with the usual AdS /CFT case, we 
expect the chiral primary for each value of / to be obtained from by inserting / copies of 
an operator O'^ with A = 1 and SU{2)h spin-1, and taking the symmetric traceless part: 

In principle the quantum numbers permit two candidates for O^: 

, . (5.7) 

From the point of view of the intersecting brane system, is the natural choice to generate 
higher moments of D5-brane fields. On the other hand, one might worry that Xjj IS an 
unnatural candidate for an operator that generates chiral primaries, since it is a member of 
the inert bulk hypermultiplet that does not even couple to the defect fields. One can once 
again turn to T-duality in the full brane system to argue that X^^ is the right choice. 
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To do so, one must notice an additional constraint on possible terms localized on the 
intersection in the D3/D5 system. T-duality along the 4 and 5 directions carries the system 
into itself, so the total set of these terms must be invariant up to a relabeling of coordinates. 
However, this operation interchanges indices of D3 or D5-brane modes polarized on / = 
345 with those polarized in the 6-direction. Consequently, a generic term that is SU{2)h- 
invariant before T-duality might not be afterwards; such terms cannot be present in the 
brane action. In order to reconcile T-duality with SU(2)h, one must require that an even 
number of D3 or D5 indices in either the 345 or 6 directions appear. This constraint turns 
out to be equivalent to the requirement that the set of D3-brane and D5-brane ambient 
hypermultiplet fields only appear in pairs. 

Up until now we have not discussed the / = mode at the bottom of the {b + z)~^ tower, 
which is simply the constant mode of with no ba contribution. This mode appears in the 
second floor short multiplet, and is dual to an R-singlet operator Oz^ with A = 4. Hence 
there must exist a coupling in the D3/D5 brane system 

Sd3/D5 3 / d^xa'Z^Ozo. (5.8) 

Unlike the D5-brane modes appearing in the ground floor operator map, is in the D5- 
brane ambient hypermultiplet, not the vector. T-duality hence demands that at least one D3- 
brane ambient hyper field appear in Oze. Now, O^e must be a four-supercharge descendant 
of the second-floor chiral primary C('^; however, one may show that no such descendant 
of qa^^ qqa'^\ contains a D3 hyper field. On the other hand, is itself in the D3-brane 
ambient hyper, and qa^'^X^q indeed does have descendants containing such a field. 

Hence, we identify qa'^^X^q as the consistent choice for the second-floor chiral primary, 
and Xjj as the operator that generates all higher chiral primaries Ci corresponding to the 
{b + z)~ tower as ()5.6p . The operators dual to the remaining D5-brane modes, including O^e 
and its higher moments, can be obtained from the C/ by supersymmetry transformations. 
This determines in principle the complete D5-brane mode/defect operator dictionary. 

Before turning to perturbative calculations, let us mention the effect of the defect on 
the closed-string mode/operator dictionary. The leading-order identification of bulk closed 
string fields to operators varying over the ambient 4D space will remain unchanged, but 
corrections can arise localized on the defect. One obvious example of this is the energy- 
momentum tensor, dual to the transverse traceless graviton, which has the form 

T,. = T^=' + 5{x)Tlt5\5\. (5.9) 

Note that tracelessness of the full stress tensor, associated with conformal invariance, refers to 
a trace over all 4 indices, not just 3, despite the fact that the conformal group is just S'0(3, 2). 
This reflects the fact that the realization of scale transformations is four- dimensional, reduc- 
ing to a 3D scale transformation only on the defect. 
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The dilaton, which is the supersymmetric partner of the graviton, should be dual to the 
total field theory Lagrangian, including defect terms. Similarly, other operators in the same 
reduced supersymmetry multiplet may have a 6{x) piece. Obtaining the contributions of 
such defect pieces to correlation functions via gravity calculations is an open problem. Some 
bulk modes, such as the scalars dual to TrX^, lie in different multiplets; whether they also 
receive a localized part at leading order would be interesting to determine. 



There is by now a vast literature discussing the interactions of matter localized on a bound- 
ary with higher-dimensional fields, chiefiy inspired by the Hofava-Witten scenario [SlJ and 
involving a five-dimensional bulk caught between two "end-of-the-world" 3-branes. Pertur- 
bative analysis for such theories in a spirit similar to this paper can be found in jHOI, !32j . 



The dSCFT dual to the Karch-Randall system is novel in a number of ways. First, space 
does not terminate at the defect but instead continues through it, and consequently no 
boundary conditions are imposed on the ambient fields. Second, since the total dimension 
is four, the gauge theory is renormalizable and hence well-defined in the ultraviolet. Finally, 
despite the presence of the defect, the theory is postulated to be exactly superconformal. 

In this section, we discuss the results of a preliminary study of the perturbative properties 
of such theories. The first task of such a study should be to investigate whether the classical 
SO {3, 2) conformal symmetry is maintained in perturbation theory, and an approach to 
this question is presented in the next subsection. This is followed by a discussion of weak 
coupling properties of correlation functions of composite operators which illuminate issues 
which arose in our discussion of the putative gravity dual. 

6.1 Quantum Conformal Invariance? 

The elementary yet essential aspect of our defect theories is that certain fields of the ambient 
A/" = 4 SYM theory are "pinned" to the defect at x = and couple as 3-dimensional fields 
with scale dimension enhanced by one unit. Thus for a scalar boson X{x, y) or restricted 
spinor Ai(x,y) we have the pinned propagators (in Euclidean signature) 



6 Perturbative Field Theory 




(6.1) 



(6.2) 
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whereas propagators of defect fields are 




<*® = -jfrfji = ^-^3 1 ^ 1 . (6.4) 

Of course it is the 3- dimensional Fourier transform, FT^{f{k)) = J d^k e^^"^ f{k) / (27r)'^, which 
is relevant for correlation functions with all external operators pinned at the defect. We thus 
find that pinned propagators are more singular at short distance or high momentum than 
is standard in 3 dimensions. It is in this way that the defect theory, which would have 
been super-renormalizable if purely in 3 dimensions, becomes critically renormalizable with 
dimensionless couplings. 

We now outline an argument based on power counting and symmetries that conformal 
symmetry is maintained in perturbation theory. We will argue that, after cancellation among 
the graphs of fixed loop order contributing to a given IPl amplitude, the only new divergences 
are those of wave function renormalization of the defect fields g*, /*. Wave function 
renormalization induces anomalous dimensions of the elementary fields, which are generically 
gauge dependent and non-observable, and thus have no effect on conformal symmetry.^ 
Our discussion assumes that the supersymmetry and other symmetries (e.g. parity and 
SU{2)h X SU{2)v) are maintained in perturbation theory. 

Amputated n-point functions of ambient fields generically contain two types of contribu- 
tions (for each bulk line) — a pinned contribution in which the "first interaction" of the 
external field is on the defect and an unpinned contribution in which the first interaction is 
in the ambient R"^. Our discussion deals first with the pinned contributions, which carry an 
exphcit 5{x) factor. ^° Divergences of these contributions would require local counterterms 
SL — J d^yOs on the defect. Further the pinned pieces are the only contributions if the 
ambient 4D theory is free, e. g. for jV = 4 SYM with gauge group U{1). 

Let us write a power-counting formula for a generic amputated n-point function with Ug, 
n^, Hf external defect fields and ua, n\, nxyi f^Xni pinned ambient fields. With 

modest work, one can see that the superficial degree of divergence is 

5 = 2nA + I riA + '2.nxy + nx„ + | + n^.^ + | + -F|n/-3n-F3. (6.5) 

There is a long list of divergent component amplitudes, of which we discuss a few in order 
to convey the essential part of our argument. 



^Inspection of the unique 1-loop graph for the /* self-energy reveals immediately that it is logarithmically 
divergent. The same is true for the F"* self-energy in conventional component D = A J\f = A SYM theory in 
Wess-Zumino gauge. 

^°For an external Xh line the factor is 5'{x). 
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Beginning with two-point functions, we see that the \l/ self-energy is hnearly divergent, 
threatening an infinite mass counterterm ^*\|/*. However, we have pointed out in Sec. 14.21 
that this term is parity violating and, due to A/" = 1 SUSY, must be accompanied by other 
terms which are non-invariant under SU{2)h x SU{2)v- Thus the potential divergence must 
cancel, and SUSY then implies that the only divergence of 2-point functions of defect fields 
is logarithmically divergent wavefunction renormalization. 

We may also consider the effect of the defect on the self-energy of bulk fields. The vac- 
uum polarization of the gauge field determines the renormalization of the coupling g. The 
contribution to this quantity with both external fields pinned has linear superficial degree of 
divergence, but this is decreased due to gauge invariance. Decreasing by a single power of 
external Pi suggests a log-divergent Chern-Simons counterterm, but this is again prohibited 
by parity symmetry, as is the companion pinned mass term AiAi. Thus both the pinned 
vacuum polarization and Ai self-energy are UV finite; SU{2)h x SU{2)v symmetry requires 
the Xi self-energy to be finite as well. The Xy self-energy is linearly divergent, but there 
is no Lorentz-invariant Xy diXy counter term. The term Xy d^Xy is Lorentz-invariant and 
parity-invariant, but it violates Pq, and once again SUSY requires it to appear with other 
terms that violate SU{2)y x SU{2)h. 

Moving on to 3-point functions, we see that the amputated correlator {Ai^>^!) with the 
gauge field pinned is log divergent by power counting. Although confined to the defect, 
the hyperino is a canonically coupled field in the fundamental of the gauge group, and 
the usual gauge Ward identity implies that this divergence is canceled by wavefunction 
renormalization. The gauge coupling g can only be renormalized in the vacuum polarization, 
for which the defect contribution was argued to be finite above. This argument applies not 
just to our theory, but to a general coupling of a 4D gauge theory to 3D matter. In our 
case, however. A/" = 4 SUSY and SU{2)h x SU{2)y invariance then imply that there are no 
infinite counterterms for any of the cubic couplings in Skin ()4.32j) . or Sx ()4.33j) . 

The quartic couplings of the scalar potential in Spot ()4.49|) are generated from three-point 
couplings by eliminating auxiliary fields, and hence these are also fixed by SUSY and cannot 
be renormalized. It has also been shown in Sec 14.21 that other potentially log divergent 
n-point functions with n > 4, such as {(pq^^^'$^) and {(pq^q^q^q'^q'^) , cannot induce new 
couplings because they violate the symmetries. 

These remarks add up to a strongly suggestive argument that at least the diagrams in- 
volving defect and pinned ambient fields respect conformal invariance. This is sufficient to 
guarantee conformality for the U{1) version of our theory, where the gauge charge appears 
only in defect interactions. The gravity dual requires SU{N) gauge group for the field theory. 
This necessarily involves non-pinned contributions to correlators involving both ambient and 
defect fields. They are more divergent at short distance, and lack conventional translation 
symmetry. Further study is needed to handle them. Thus, although we are optimistic, it is 
too early to declare victory on the question of conformal symmetry of the SU{N) theory. 
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Gauge anomalies can be shown to be absent. Our theory is still four-dimensionally gauge 
invariant, as it must be to make sense of the 4D gauge field, and bulk fields in principle con- 
tribute to a 4D gauge anomaly, which for A/" = 4 SYM cancels. Defect fields, however, partic- 
ipate only in a restricted three-dimensional gauge invariance. There are no ordinary gauge 
anomalies in three dimensions. Three-dimensional theories can possess a parity anomaly 
that induces a 3D Chern-Simons term but this arises only when there is an odd number 
of charged Majorana spinors, so our theory is safe. 

One novel feature of the defect theory is the 5(0) from the qF^q vertex in the action. 
We now give a general argument that this is a harmless artifact. We start at the level of 
elementary auxiliary fields. The propagator of Fr in (Euclidean) momentum space is — 1 
and that of Xh is l/(fc^ + k"^). Thus for d^Xui^x, y), it is k'^/ {k"^ + fc^). In exchanges between 
qq pairs one then has the effective propagator 



In position space this amounts to the propagator l/(27r^)(y — ?/')^ between qq vertices at (0, y) 
and (0,?/'). After elimination of Fr one can see that the correct perturbation expansion is 
obtained if one neglects the 5(0) term in ()4.49p and uses the effective propagators above 
for exchange of OqXh between qq pairs. Needless to say this is true for both tree level 
exchange, as discussed in jHO], and when the exchange is included with another amplitude. 
This suggests that it may be useful to use a Af = 1 supergraph formalism in which the 
cancellation above is automatic. 

6.2 Composite Correlators at Weak Coupling 

One clear prediction of the extended AdS /CFT correspondence we are investigating is that a 
large set of defect operators in the dual field theory have integer scale dimension. Assuming 
the conjectured conformal symmetry is valid, the reason is that these operators span a short 
representation of the superalgebra 05*^(414). It is then valid to map fields on AdS4 to 
composite operators on the defect according to the free field scale dimension of the latter, 
and this was done in Sec. 5. Although one would not expect symmetry relations to fail, 
it would be desirable to use weak coupling calculations is to test that radiative corrections 
to these A's vanish. Although the AdS /CFT duality predicts that most correlators are 
renormalized, it is not excluded that 2-point functions of defect operators, (O^Os), have no 
radiative corrections. However, to test these features requires more precise calculations than 
time has so far allowed us. 

It is nevertheless possible to use weak coupling analysis to illuminate some aspects of the 
operator map and we now discuss one application. Kaluza-Klein analysis led us to a unique 
operator of dimension A = 1 in the open string/defect operator dictionary, namely the 




(6.6) 
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Figure 1: Feynman diagrams through one-loop order for the correlators {qMq{yi) 5(^2) QiVs)) 
where M is either a"^ or 1. 

SU{2)h triplet C"^ = qa^q of ()5.1|1 . The singlet qq is not in the operator map. Generically 
one would expect it to have anomalous dimension, and we will show that this does happen 
to order g'^N . 

The operator qa^q is the primary of the multiplet containing the conserved current of 
()5.4|1 . so it is fair to assume that its scale dimension is exactly A = 1. Given this assumption 
it is not difficult to compare graphs for the 3-point functions {qcr'^qivi) q{y2) givs)) and 
{^lijJi) ^(^2) liyz)) through 1-loop order and show that qq acquires anomalous dimension. We 
work implicitly in the framework of differential regularization jHS] in which no counterterms 
are needed and renormalization data is inferred directly from the Callan-Symanzik equations 



{O(vi)q(m)q(Vz)) = 0- (6.7) 
The two 2-point functions can be expressed as follows: 



{m{yi) (li{y2)qMi)) = 5ij[T + 3Tx], (6.8) 
{qcrMyl)<l^{y2)qAy3)) = af^[T + r-Tx]. (6.9) 

The Feynman diagrams which contribute to F = F^^^ + F'^^^ F', Fx are given in Fig. ^ The 
SU{2)h algebra for these diagrams has been done and incorporated in the equations above, 
while color is suppressed. The analysis succeeds because the Xh exchange diagram Fx has 
different weights in the two amplitudes. 

We have argued in Sec l6.1l that [3{g) = 0, but, even if not, the lowest order contribution is 
(3 ^ which cannot affect the present argument. Writing F^°\ F*^^) to distinguish tree and 
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1-loop contributions to T, the perturbative CS equations can be written as: 



(27, + 75g)r^°\ (6.10) 
(27, + 7,-.,) . (6.11) 

The graph T' is UV finite (it turns out to be a numerical multiple of g'^T^^''), and its scale 
derivative thus vanishes. However, both T^^^ and Tx are log divergent. By subtraction, the 
two equations then give 

4M^rx = (7,. - 7,-.,)r(°) . (6.12) 

If 7qo-q vanishes, as we assume, ■jgg is non-vanishing. Thus qq has radiatively corrected scale 
dimension A,, = 1 + 7,5. 

Another application of perturbative analysis to the operator map is studying the two 
candidate operators discussed in Sec^lwhose multiple products might appear as field theory 
duals of higher D5-brane KK fiuctuations on 74^5*4. The chiral primary fields of the KK 
multiplets are modes of (6 + z)^^^ with SU{2)h quantum number £ (with £ > 2) and scale 
dimension A = £. The two families of candidate dual operators are the isospin £ components 
of (qa^qY and those of qa^{X^Y^~^^q. In SecElwe presented an argument based on the T- 
duality invariance of the defect D3/D5 action suggesting that the latter family is the correct 
choice. We will now outline an argument based on the Callan-Symanzik equation which 
shows that the former set of operators has no anomalous dimension to lowest order. The 
virtue of this argument, which is similar to that for qq above, is that a precise evaluation of 
the diagrams is not required. This is not true for the operator family qa^{X§)^^~^'>q since 
there are more contributing diagrams, so the question of anomalous dimension for these is 
not yet settled. 

We choose highest weight component of the i = 2 projection of {qcr^qY and study all tree 
and 1-loop graphs for the 5-point function {q^q^q^q^iy) q^iyl) 'fiv^) Qiivs) ffiVi))- There are 
1-loop graphs with gluon and d^Xu exchange between the g-lines at yi and ^2- These graphs 
contribute no anomalous dimension in the CS equation since they enter in the same way as 
for the protected operator qa^q. The same is true for exchanges between lines at ^3 and y^. 
There are additional UV finite graphs as in T' above. There remain 4 graphs with gluon 
exchange between yi or y2 and ys or y^ and 4 more graphs with exchange of BqXh- The 
amplitudes of the graphs are not the same space-time functions, but their contribution to the 
scale derivative is proportional to the same local tree amplitude in all cases. There are two 
gluon exchanges between qq and two between qq. Coefficients are equal and opposite and 
the sum cancels. One can examine the SU{2)h fiavor algebra and find a similar cancellation 
among the 4 OqXh exchange graphs. In this way we have shown that the 5-point function 
satisfies the CS equation with no order g'^N anomalous dimension for the £ = 2 components 
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Figure 2: The generic contribution to the one point function (Tr (Xy)'') with all k Xy lines 
pinned to the defect (vertical line), depicted here for /c = 3. 

of the operator {qcr^qY- The same argument fails for £ = 0,1 components because there are 
inequivalent color contractions. 

It is a matter of simple combinatorics to extend the argument to the highest weight 
i = n components of (qa^q)"'. One first separates graphs with interactions on g-lines which 
terminate at a single qa^q factor in the product. These graphs do not contribute to the 
anomalous dimension, as above. There remain 2{n — 1) gluon exchanges between qq and 
2{n — 1) between qq. Their contribution to the scale derivative cancels as above. Finally, 
there are 4{n — l) d^Xn exchanges. Within groups of 4 one can study the flavor algebra and 
find complete cancellation. 

We conclude our survey of perturbative results with a discussion of the field theory inter- 
pretation of poles that appeared in the gravity calculations of sectional In the computation 
of {Oi) from the D5-brane action, we noted a divergence for A4 < 3 which comes from the 
boundary region of the integration over AdSi,. In the conventional AdS / CFT correspondence 
similar infinities can be interpreted as UV divergences in the dual field theory. A parallel 
interpretation seems plausible here. For O4, = Tr (Xy)'^ some Feynman diagrams contain a 
generic sub-amplitude with k pinned Xy lines (as shown in Fig. |21for k = 3). The degree of 
divergence is S = 3 — k. Thus the diagram has a subdivergence (as all interaction points ifj 
on the loop come together) for A; < 3 in perfect correspondence with the gravity result. Of 
course the divergence on the gravity side is present for generic AdS^ action, but cancels due 
to symmetry in our specific case. In field theory as well, the divergence predicted by generic 
power counting also violates symmetry and cancels. For the case k = 2 the field theory 
amplitude is linear divergent, but the gravity result is finite. However, in low order exam- 
ples, the divergence cancels due to symmetric integration leaving a finite remainder. One 
may also apply similar power counting to field theory amplitudes for {O4 O3) and find that 
a subdivergence is formally predicted when A3 — A4 > in agreement with the calculation 
in super gravity. 
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7 Open questions 



Many avenues remain for further exploration. The most pressing issue is the proof of con- 
formahty for SU{N) gauge group. Assuming that the theory is conformal, one is naturally 
led to wonder about the existence of other dSCFTs. Simple generalizations include chang- 
ing the gauge group, the defect matter representation, or promoting U{1)b to a nonabelian 
symmetry; this last possibility may be holographically related to a theory with multiple 
D5-branes. Completely different dSCFTs in other dimensions likely exist as well, and may 
have holographic duals. 

A more detailed study of the correlation functions of the field theory described in the 
present paper would also be interesting, including a precise matching with results from the 
D5-brane action containing KK reduced bulk modes. The question of the existence of non- 
renormalization theorems for correlators with two defect operators should be investigated. 
There also remains the more general understanding of how the presence of the defect corrects 
the closed string/ambient operator map and the related correlation functions. Whether 
the gravity coupling vanishes for "extremal" correlators {O4 O3) is a test of our reasoning 
concerning the pole structure. 

The importance of determining the supergravity solution taking account of the back- 
reaction of many D5-branes, as emphasized by 0, remains. Such a geometry must produce 
all the physics of the dSCFT through closed string excitations alone, presumably by means 
of local localization. Finally, it would be fascinating to deform this correspondence away 
from the conformal limit, and to study the holographic duality between the much broader 
class of defect field theories that run with scale and more intricate brane geometries. 

Note added A demonstration of the conformality of the full non-Abelian theory has recently 
appeared in ;27] . 
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Appendix A: Spherical Harmonics on and 5^ 



Bulk fields are expanded in spherical harmonics on the S^. For example, for scalar harmonics, 
we can write the harmonics in terms of products of standard harmonics Y^{9, (p), Y^i{xi ^) 
on each S"^ and functions of the fifth coordinate ip: 

y/^,,„,(V^, y,, X, <i) = Yi{e, ^)Yi,{x. ^)zUi^) , (7.i3) 

The Laplacian in the coordinates ()2.4p is 

1 d . 1 , 2 , d 1 1 

^s^^ = —^, ^l^sm ^cos + — ^□e,<^+— ^Dx,? • 7-14 

sm ip cos"' ip oip oip cos^ ip sm ip 

A scalar spherical harmonic Y^ on 5''' transforms in the fc-fold symmetrized traceless product 
of fundamentals of SO{q +1). It is an eigenvalue of the Laplacian on S"^ with eigenvalue 

as.Y'' = -k{k + q-l)Y'' , (7.15) 

and using ()7.14j) we can obtain an ordinary differential equation for 

' 2 — sm' Ip cos^ ip— - J - ) Zf^.iiP) = -k{k + 4)Z;,,(^)(7.16) 



y sin ijj cos^ ijj dip dip cos^ sin ip 

Since there are interactions between closed-string and D5-brane fields on the D5 worldvolume, 
we are interested in the behavior of the spherical harmonics at ip = 0. To leading order in 
Ip, the equation for Z^^, (■?/') ()7.16p reduces to 

/ f)2 2d f'(f' -\- 1) \ 

+ -7^ - ,T + Kk + 4) - i{i + 1) Z!^,,{iP) = . (7.17) 



ydip"^ Ip dip ip'^ 

We perform a standard Frobenius analysis by expanding Zf^,{ip) near = as Z{iIj) = 
ip°' Yli'^=o ^n'P"' y where we are always free to take 7^ by redefining a if necessary. The 
leading order term in ()7.17|) then leads to the requirement 

a = i' or a = -i'-l. (7.18) 

Requiring the regularity of the spherical harmonics over the complete selects the former. 
We are then led to the conclusion that Z^^,{ip = 0) = 0, and by extension Yl^^,^,{ip = 0) = 0, 
unless i' = 0. We conclude that only the closed-string modes invariant under SU{2)v couple 
directly to the D5-brane fields. 

Another conclusion we can draw is that given i and i' , there no more than one harmonic 
with a fixed choice of k. This is because according to ()7.18|) . the second-order differential 
equation ()7.16|) has only one solution regular at -0 = 0. This uniqueness implies that for 
given k, there is no more than one SU{2)h x SU{2)v representation labeled by 
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We can furthermore show that only SU{2)h x SU{2)y representations with i + i' < k will 
appear inside the 5*0 (6) representation labeled by k. Recall that the 5*0(6) representation 
is the fc-fold symmetric product of the fundamental 6. This decomposes into representations 
(3,1) © (1,3), I.e. into a sum of {£,£') = (1,0) and (£,f) = (0,1). We easily see that the 
/c-fold product of this sum contains only representations satisfying i + i' < k, with equality 
only when the factors in each SU{2) are completely symmetrized. 



Appendix B: Field Theory Conventions 

We work in mostly-minus signature. Minimal three-dimensional spinors are Majorana, so 
it is convenient for us to use Majorana notation in four dimensions as well. A convenient 
Majorana basis for 3D (2 x 2) and 4D (4 x 4) Clifford matrices and 7^ is 

p° = -a^ p^ = t(j\ /0^ = ^fT^ (7.19) 
7O = pO ^ ^3 ^ ^1 ^ pi ^ ^3 ^ ^2 ^ p2 ^ ^3 ^ ^3 ^ J f^-^i ^ _ (^7 20) 

with cr'^ the Pauli matrices. These matrices are all imaginary, and and 7° are hermitian 
while the rest are antihermitian. In this basis, Majorana spinors are real in both three and 
four dimensions. We define the 4D chirality and projection matrices as 

^ = _,/y^Y = /^^2^ L = i(l + 7), i?= 1(1-7), (7.21) 
with 7 pure imaginary and hermitian and as usual satisfying 7^ = 1, {7,7^} = 0. 
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